Chua dé 5
MOT SO KY THUAT SU DUNG BAT PANG THUC CAUCHY

A. Kién thirc cAn nhé
1. Gi6i thi¢u bat ding thirc Cauchy(Cosi)

Bét dang thirc co tén goi chinh xac 1a bat dang thirc giira trung binh cong va trung binh nhan. O
nhiéu nudc trén thé gidi, ngudi ta goi bat déng thirc nay theo kiéu viét tit 1a bat ding thic AM — GM
(AM la viét tit cuia Arithmetic mean va GM la viét tit cia Geometric mean)

O nudc ta, bat dang thirc AM — GM dugc goi theo tén ciia nha Toan hoc nguoi Phap Augustin —
Louis Cauchy (1789 — 1857), tc 1a bat dang thirc Cauchy. That ra ddy 1a mot cach goi tén khong chinh
xac vi Cauchy khong phai 1a nguoi dé xuét ra bat dang thirc nay ma chi 1a nguoi dua ra mot phép chimg
minh dic sic cho nd. Tuy nhién, dé cho phu hop véi chuong trinh sach gido khoa, trong tai lidu nay
chung ta ciing s& goi né 1a Bat dang thirc Cauchy(Cosi).

Day 1a mot bit dang thire ¢d dién ndi tiéng va quen thudc dbi v6i phan 16n hoc sinh nudce ta. No
tmg dung rit nhiéu trong cic bai Toan vé bat dang thirc va cuc tri. Trong pham vi chuong trinh Toan
THCS, chung ta quan tdm dén cac truong hop riéng ciia bat dang thirc Cauchy.

2. Cac dang biéu dién ciia bat dang thirc Cauchy
a. Dang tong quat
+ Cho x1, X2, X3 ,..., Xn 12 cac s0 thuc khéng am ta co:

X, +X2 +...+X
Dang 1: =2 %‘/Xl.X?...X
n

n

Dang 2: X, +X, 4. +X 2 n.{llxl.x2...xn

X, -I-X2 +...+X '
Dang 3: 2 XX, X
n n
Déu dang thirc xay ra khi va chi khi X, =X, =..=X_
+ Cho X1, X2, X3 ,..., Xn 12 cac sb thuc duong ta co:
1 1 1 n’
Dang 1: —+—+.. 2
X, X, XX +X, X
1 1 1
Dang 2: (x1+x2+...x )£—+—+...+—]2n2
Ylx ox X
1 2 n
Déu dang thirc xay ra khi va chi khi X =X, =..=X_
b. Mot s6 dang diic biét
n n=2 n=3
Pidu kién X,y 20 X,y,220
+ +y+ ;
Dang 1 x 5 Y > Xy % > {xyz

2 3
Dang 2 [X+y] Z Xy [mj 2 Xy7Z




1,1, 4 1,11, 0
Dang 3 Xy XxX+y X Yy Z X+y+z
(X,y>0) (X,y,z>0)
(X+Y>(l+lj24 (X+y+z)(l+l+l]29
Dang 4 b X y z
(X,y>0) (X,y,z>0)
Ping thirc x4y ra X=y X=y=¢%

3. Mt s6 bat dang thirc dwge suy ra tir bat ding thirc Cauchy
. . 2
+ x4y > 2xy; 2(X2 +y2) Z(X+y) ; 1/2(x+y) 2 \/;+\/;

2
3(X+y)
4
+xX+y +7 22Xy +yz+ax

+x+y —xy >

+ 3 X2+y2+22)2<x+y+z)2 23(Xy+yz+zx)

+ X2y2 +y2z2 +z2y2 2> Xyz(x+y+z)
+ ?)(X4 +y! +z4) 2(:><:y+yz+z:><;)2 > 3xyz(x+y+z)

B. Mot s6 k¥ thuit sir dung bt dang thirc Cauchy
1. Ky thuit chon diém roi trong danh gia tir trung binh cdng sang trung binh nhan
Danh gia tu trung binh cdng sang trung binh nhan thuc chat danh gia bat dang thire Cauchy theo

chiéu tir phia trai sang phia phai. Trong chudi danh gi4, cai ta hay quén d6 1a can phai dugc bao toan dau
dang thirc xdy ra ma ta hay goi 1a bao toan “Diém roi”. Mot thuc té cho thiy viéc xac dinh diém roi cho
mot bat dang thirc quyét dinh dén hon nira thanh cong cho cong viée tim 161 giai. Y tudng chinh coa chon
diém roi chinh 13 viéc xac dinh duoc dau dang thirc xay ra khi ndo dé co thé sir dung nhitng danh gia hop
ly. Trong qué trinh chimg minh cac bat dang thirc ta thuong gip sai 1am 1a ap dung ngay bat dang thirc
Cauchy ma quén mat ddu dang thirc xay ra tai dau. Trudc khi tim hiéu vé ki thuat danh gia tir trung binh
cong sang trung binh nhén ta hiy xét mot s6 vi du vé chon “Piém roi” dudi ddy ta s& hiéu hon van dé

dang duoc dé cap.

; e a1 Al 1
Bai toan 1. Cho s6 thyc a > 2 . Tim gia tri nho nhat cia: A =a +—
a

3 1 / 1 .
Sai lam thuwong gap la: A =a+— > 2,/a-— = 2. Vay gid tri nho nhéat cua A 1a 2.
a a

Nguyén nhan sai 1am: gia tri nhd nhat cia A la 2 < a = — < a =1, dicu nay khong xay ra vi theo
a

gia thiét thi a > 2.

Phan tich: Quan sat bat dang thirc trén ta nhan thay gia tri ciia a cang tang thi A cang tiang, do do ta du

doan A dat gia tri nho nhat khi a = 2. Khi d6 ta n6i A dat gia tri nho nhat tai “DPiém roi a =2”. Ta

khong thé ap dung bat dang thitc Cauchy cho hai s6 a va — vi khong théa man dau dang thic xay ra. Vi
a




1 ., L . e .
vay ta phai tdch a hoac — d¢€ khi ap dung bat ding thirc Cauchy thi théa man dau dang thic xay ra. Gia
a

e fa 1 iAo s a1 .
su ta sir dung bat dang thirc Cauchy cho cap so [E, —j sao cho tai “Diém roi a = 2” thi E =—,taco
a

a
so d6 sau:
a 1
T . 2 1
a=2=lk a2 _~p_y
I 1 k 2
a 2
1 1
Khidotaduoe A=a+r=213% 1 0itaco10i giai nh trén.
a 4 4 a
Loi giai dung: Ap dung bat dang thitc Cauchy ta dugc
A=a+l:i+l+3_a22 il+3_az]_+£=§
a 4 a 4 4 a

Dang thirc xay ra khi va chi khi a = 2. Vay gia tri nhé nhat cua A 1a E

(a1 . . 1 k
Chu y: Ngoai cach chon cap so (E , —J ta co thé chon cac cdac cdp so sau: (ka, —J hodc (a, —j hodc

a a a
1
a,— |.

Bai toan 2. Cho sb thuc a > 2. Tim gia tri nho nhét cta biéu thirc: A =a + —
a

a
So @0 diém roi:a =2 = kl
a?

Sai 1Am thwong gip la:

A=i+i2+7—a22‘/i.i2+7—a=,/i+7—a2 L+E=g.
8 a 8 8 a 8 2. 8 22 8 4
9

Nguyén nhan sai 1Am: Mic du gia tri nho nhit ciia A bang Z 1a dap sb diing nhung cach giai trén méc

sai 1am trong danh gia mau s6: a > 2 = 2i > ,|— lasai
a
Loi gii dung; A=3+3+i2+6—az3.33-3-%+6—az§+@=9
8 &8 a 8 8 8 a 8§ 4 8 4

DPang thirc xay ra khi va chi khi a = 2. Vay gia tri nho nhat cia A la Z

Bai toan 3. Cho hai s6 thyc duong a, b théa man a + b < 1. Tim gia tri nho nhat ctia biéu thirc:

A=aub+i

ab




o . 1 .
Phan tich: Dy doan dau dang thuc xdy ra tai a=b = 5 Theo bat dang thic Cauchy ta co

2
+b 1 .
ab < (a 5 j < Z Khi d6 ta c6 diém roi nhu sau:

ab_ 1
ab=l:> k ab:i:4:>k:i
4 i=4 4k 16
ab
Loi giai

Ap dung bat dang thirc Cauchy ta c6

2
ab<|2FPl 1 s L
2 4 4

Do d6 ta dugc A = 16ab +i—15ab > 2,[16ab.L —15ab > 8 —15.l = E
ab ab 4 4

. : . y g 1 e e A 17
bang thurc xay ra khi va chikhi a = b = 5 Vay gid tri nhd nhat cia A la Z

. N 18
Bai toan 4. Cho s thuc a > 6. Tim gia tri nho nhat ctia biéu thirc A = a*> + —
a
18 9 9
Phan tich: Taco A=a’+—=a’+—+=
a a a
D¢ thay a cang tang thi A cang tang. Ta dy doan A dat gia tri nho nhat khi a = 6. Ta ¢6 so d0 diém roi:
a’> 9
. 36 3
a=6=4k a2 =94
9.9 Tk 2
a 6
Loi giai

2 2 2 2
Ta co A=BL—+2+2+23a 23{»/&—-g-g+23a 22+—23'36:39
24 a a 24 24 a a 24 2 24

Dang thirc xay ra khi va chi khi a = 6. Vay gi4 tri nho nhat cia A 1a 39

Bai toan 5. Cho 3 s6 thuc duong a, b, ¢ thoa a + 2b + 3¢ > 20. Tim gia tri nho nhat cia biéu thirc:

3 9 4
A=a+b+c+—+—+—
a 2b ¢

Phan tich: Dy doan gia tri nho nhat cia A dat dwoc khi a+2b+3c=20 va tai diém roi
a=2b=3 c=4.

a_3
So db diém roi: aco—Jlk a2_3_,_4
§=§ k 2 3
a 2
b_9
b=3=<1 2b:>i:§:>m:2
93 T m
2b 2




=]1l=>n=4

4
= —
n

c=4=

= oo |k

o |kxB |0

’ o Loi giai
Ap dung bat dang thirc Cauchy ta co

3a 3 b 9 c 4 a b 3c
A= —+—|+|=+—|+|—+— |[+—+—+—
4 a 2 2b 4 c 4 2 4
22\/3—a.§+2\/E-i+2\/3é+—a+2b+3cz3+3+2+5=13
4 a 2 2b 4 ¢ 4

Ding thirc xay ra khi va chikhi a = 2, b = 3, ¢ = 4. Vay gié tri nho nhit cia A 1 13.

Bai toan 6. Cho a, b, ¢ 1a s6 thuc duong théa man ab > 12; be > 8 . Ching minh rang:

(a+b+c)+2 L+i+i +izﬁ
ab bc ca abc 12

Phén tich: Dy doan gia tri nho nhat cua A dat dugc khi ab = 12; be = 8 tai diém roi
a =3; b=4; c =2.Khidé taduoc ta ap dung bét dang thirc Cauchy cho timg nhém sau:

a b 2)fac 2)(b c 2]fa c b 8
18'247ab ) {976 ca) (168 bc) |9 6" 12" abe )

’ o Loi giai

Ap dung bat dang thirc Cauchy ta co
a,b 2 408 b 2 1
18 24 ab 18 24 ab 2
a ¢ 2 Ja ¢ 2

b ¢ 2 b ¢ 2 3

—+—+—23—= = — ==
16 8 bc 16 8 bc 4

a ¢ b 8 a c b 8 4
_+_+_+_244 ______ _— = =

9 6 12 abc 9 6 12 abc 3
13a+13b22\/13a_13b 22\/§.§.12 _13
18 24 18 24 V18 24 3
13b+13022\/13b.130 ZQJE-E-S:E
48 24 48 24~ N4 24 4

Cong theo vé cac bat dang thirc trén ta duoc

1 1 1 121
(a+b+c)+2 —+—+— +i > —
ab bc ca) abc 12

Vay bét dang thirc dugc ching minh. Dang thic x4y ra khi va chikhi a = 3; b =4; ¢ = 2.

Bai toan 7. Cho a, b 1a cac s thuc duong tiry y. Tim gié tri nho nhét ca biéu thic :

a+b \/5

+

\/5 a+b

A:

Phan tich: Do A la biéu thuc d6i xUing voi a va b nén ta du doan gia tri nho nhéat cia A dattai a = b.

Khi d6 ta ¢6 so do diém roi:




a+b_\/£

a=b= kyab a+b:yg:l:k:4
\/g 1 k 2
a+b 2
Loi gidi

Ap dung bét dang thirc Cauchy ta dugc

o [a+b b 3(a+b) __la+b ab J32b 3
+ > 2 . 1+
Wab a+b)| aJab Wab a+b | 4fab

. . L . 5)
bang thure xay ra khi va chi khi a = b. Vay gia tri nho nhat cua A 1a 5 .

Bai toan 8. Cho a, b, ¢ 1a cac sb thuc duong tily . Tim gia tri nho nhat ctia biéu thirc:

a b C b+c c¢c+a a+b
= + + + + +
b+c c¢c+a a+b a b C

Phan tich: Do A la biéu thuc d6i xung voi a, b, ¢ nén ta dy doan gia tri nho nhat cua A dat tai

a =b = c.Khidbtaco so do diém roi:

a b C

a=bh=c=J.b+c c+a a+b
b+c c+a a+b

ka kb ke
Loi giai
Ap dung bat dang thirc Cauchy ta duoc
a b c b+c c+a a+bj 3(b+c c+a a+b}
A= + + + +

b+c c+a a+b 4a, 4b 4c Z

a b C

221+1+—-h~@+2+ﬂ:3+g:1§
4 2 2

. . . 15
bang thurc xay ra khi va chi khi a = b = c¢. Vay gia tri nh6 nhat cia A 1a —

b+c \/ c+a \/ C a+b 3(b ¢ ¢ a a b
+2 . +——F+—F+—+—+—+—
b+c c+a a+b 4c 4{a a b b ¢ ¢

|

Bai toan 9. Cho a, b 1a cac s thuc duong théa man a + b < 1. Tim gia tri nhd nhat cia biéu thirc:

1 1

A= +—
a’+b’> 2ab

Phén tich: Do A 1a biéu thirc d6i xung voi a, b nén ta dy doan gia tri nhd nhét ctia A dat tai

1 ) X 2e2 )
a :bZE.Khld(')tacc') so do diém roi:

L _k _,
a:b:%cz ﬁbe 2ab =2k=2=k=1
2ab
Loi gidi

Ap dung bét dang thirc Cauchy ta co




1 1 4 4
> >

A: 2 2 + - 2 2 - 2 24
a“+b 2ab a°+b° +2ab (a+b)
: : a’ +b* =2ab 1
Pang thuc xay ra khi va chi khi Sa=b==
a+b=1 2

Vay gi4 tri nho nhit cua A 13 4.

Bai toan 10. Cho a, b 1a cac sb thuc duong thoa madn a + b < 1. Tim gia tri nho nhét caa biéu thirc:
1 1
= 2 2 +
1+a”+b” 2ab

Phén tich: Dy doan gia tri nho nhat cia A dattai a = b = 5 Khi @6 ta c¢6 so do diém roi:

1 1 2

2  1+a*+b> 2kab 3
o Loi giai
Ap dung bit dang thirc Cauchy ta co
1 1 1 1 1
A= + + >2 +
1+a?+b* 6ab 3ab (1+a2+b2)6ab 3ab
S 2 N I 4 N 1
~1+a’+b’+6ab 3ab <a+b)2+1+4ab 3ab
2
S 4 N 1 S 4 +i_§
B ) atibY  (asb) 21+1 31 3
(a+b) +1+4 3
2 2
1+a’+b’ =6ab
Ding thirc xdy ra khi va chikhi {a =b <:>a=b=1?

a+b=1

. 8
Viy gia tri nhé nhat cua A 1a —.

Binh lugn: Qua cdc bai todn trén ta thdy, khi gidi cdc bai todn chirng minh bat dang thirc thi cdc danh
gid trung gian phdi dwoc bdo toan ddu dang thirc. Cho nén viéc xdc dinh ding vi tri diém roi xdy ra sé
tranh cho ta sir dung cdc danh gia trung gian sai lam.

Trong danh gia tir trung binh céng sang trung binh nhén, viéc xdc dinh diém roi diing sé chi cho ta
cach chon cdc danh gia hop li trong chudi cac danh gid ma ta can phdi sir dung. Bdy gio  ta di tim hiéu ki
thudt déanh gid tir trung binh céng sang trung binh nhdn thong qua mét sé vi du sau.

Vi du 1.1: Cho cac s6 thyc a, b, ¢ bat ki. Chirg minh rang;
(a2 + bQ)(b2 + 02)(c2 + a2) > 8a’b*c?

Phén tich: Trudc hét ta du doan ding thie xdy ra tai a = b = c. Trong bat dang thirc trén thi vé trai co
cac dai lwong a’ +b’; b’ +c’; c® +a” va vé phai chira dai luong 8a’b’c’. DPé y ta nhan thiy
8a’b’c’® = 2ab.2bc.2ca, do d6 rat ty nhién ta nghi dén cac danh gia tir trung binh cong sang trung binh
nhan a’ +b*> > 2ab; b”> + ¢ > 2bc; ¢* +a’ > 2ca.

Loi gidi




Str dung bat dang thirc Cauchy dang x° +y* > 24/x%y” =2 |Xy , ta co:

a’ + b’ > 2|ab| >0
b* +c* > 2|bc| >0
c’+a’ > 2|ca| >0
Nhan vé theo vé cuia ba bit dang thirc trén ta duoc:
<a2 + b2)<b2 + C2)<C2 + a2) > 8|a2b202| = 8a’b’c’

Bét ding thirc duge chimg minh. Dau dang thirc xay ra khi va chikhia=b=c.
Nhan xét:

- Chi dwoc nhan cac vé ciia bat dang thirc ciing chiéu (két qua dwoc bat dang thirc cing chiéu)
khi va chi khi cdc vé cing khéng am.

- Pé ¥ rang ta sir dung cach danh gid x* +vy° > 2./z’y* =2 |9L’y| khi chwa xdc dinh dwoc x, y dm

hay dwong. )
- Noi chung ta it gap bai toan sir dung ngay bat dang thirc Cauchy nhu bai toan ndi trén ma phai
qua mot vai phép bien doi dén tinh huong thich hop roi maoi sw dung bat dang thirc Cauchy.

Vi du 1.2: Cho a, b 13 cac sb thuc duong khong am tiy y. Ching minh rang:

(\/; + \/g)8 > 64ab(a + b)2

Phén tich: Trudc hét ta du doan dang thic xdy ra tai a = b. Trong bat ding thirc trén, vé trai co dai
8 4 , 2, .

luong (\/g + \/E) = (a +b+ 2\/ab) va vé phii co dai lugng 64ab(a +b) . Dé y ta nhan thiy khi

a=b thi a+b=2vab va (a+b) =4ab, dodo rat tu nhién ta nghi dén cic danh gia tir trung binh

cong sang trung binh nhan cho hai sé a +b va 2v/ab .
Loi giai
Ap dung bit déng thirc Cauchy dang x* + y° > 2,/x°y° = 2xy, ta dugc:

(\/;+\/g)8 =(a+b+2\/£)4 2[2 2(a+b)\/£}4 = 64ab(a +b)

Bét ding thirc duge chimg minh. Dau déang thirc xay ra khi va chi khia =b.

Vi du 1.3: Cho a, b 1a céc sb thuc duong théa man a + b < 1. Ching minh rang:

1 +L+4ab27
a’+b> ab

Phén tich: Do biéu thirc vé trai co tinh d6i xtmg v6i a, b nén ta dy doan diu ding thuc xay ra tai

1 1 . . X .
a=D>b :§.Khi d6 taco a’ +b* =2abva 4ab = E.Dé}'/dai luong a® + b? ndm & miu nén ta cin
a

) 2 ‘ .
tim cach thém vao 2abdé tao thanh (a + b) , do do rat ty nhién ta nghi dén danh gia

1 1 4 . 1 .
5 o+ > 5 > = 5 > 4. Nhu vay luc nay bén vé trai con lai —— + 4ab, dén
a”+b” 2ab a’+b° +2ab (a+b) 2ab

day ta str dung cach ghép hai dai lwong nghich dao 4ab + E > 2. Nhu vay lac nay ta thay veé trai con
a

1 . 1 X , ~
lai E va ta can chi ra duogc E > 1. Piéu nay khong thé lam kho ta dugc vi dé nhéan ra duoc
a a

2 .
dab < (a+b) <1.Dén day ta trinh bay lai loi giai nhu sau




Loi giai
Ta viét lai biéu thirc vé trai thanh

! +i+4ab: L +L+ 48ub+L +L
a’+b*> ab a’+b> 2ab 4ab | 4ab
Ap dung bat dang thirc Cauchy cho hai s6 khong 4m ta c6 cac danh gia sau:
! + ! > 1 = 1 >4
a’+b> 2ab a’+Db’+2ab (a i b)2
2
dab+ = > 2, 4ab < (a+b) <1= L o>1
4ab 4ab

Cong theo vé cac bat dang thirc trén ta dugc
1 +L+(4ab+ L j+ L > 1 +2,/4ab. L + 1 =7
aZ+b2 2ab 4ab ) 4ab  (a+D)? 4ab (a 4 b)2

1 +i+4ab27
a’+b> ab

Hay

O L e . 1
Bat dang thirc duge chirng minh. Dau dang thirc xay ra khi va chikhi a = b = 5

Ta tiép tuc van dung danh gia tir trung binh cong sang trung binh nhan cho céc vi dy sau day.

2
. . . +2
Vi du 1.4: Cho so thuc a bat ki. Chirng minh rang: Rl > 2

Va? +1

Phan tich: Ta viét lai bat dang thic can ching minh I3 a’+2>2Va’+1. Dé ¥ ta nhan thay

a?+2=a’+1+ 1; 2\/a2 +1 = 2\/a2 +1.1, do d6 ta sir dung danh gia tr trung binh cdng sang trung
binh nhan dé chimg minh bat dang thirc.

2 2
_ : . ..oa +2  a"+1+1 1 .
Ngoai ra, D€ y ta cling c6 thé viet = =va? +1 + ———, d¢cn day ghép
\/a2+1 \/a,2+1 Va? +1

cdp nghich dao dé chimg minh bat dang thirc.

Loi giai
Ap dung bat dang thie Cauchy dang x + y > 24Xy ,taco

a2+2:a,2+1+122\/a2+1.1:2\/a2+1

Ha al+2
y_
\/a2+1

Ding thirc xay ra khi va chi khi a’+l=1<a=0.
Ta cling c6 thé trinh bay 101 giai nhu sau: Bién doi ve trai va ap dung bat dang thirc Cosi cho hai so ta co

a?+2 a’+1+1 a2 11 1
= =vVa' +1+—=22
\/a2+1 \/a2+1 vaZ +1

Bét dang thic dugc ching minh. Dau dang thirc xy ra khi va chi khi

\/a2+1+L<:>a2+1:1<:>a=0
\/a2+1

> 2. Bat dang thtrc duoc ching minh.

Vi du 1.5: Cho a, b 14 cac s6 thuc duong thoa man diéu kién a > b . Chimg minh rang:




1
a+wzi’>

Phén tich: Quan sat bat dang thire ta nhén thay vé _phai khong chira bién, nén khi ap dung ap dung bat
dang thirc Cauchy cho vé trai ta can phai khir hét cic bién, nhu vdy ta can phai c6 cac dai luong
a —b; b, ngoai ra chiéu bat dang thirc goi ¥ cho ta sir dung danh gia tir trung binh cong sang trung binh

. . 1
nhan. D€y 1a a = b + a — bkhi do ta 4p dung danh gia cho 3 s6 duong a —b; b; ——.
b(a-b)
) o ) Loi gidi
Ap dung bat dang thue Cauchy cho ba s6 duong ta dugc

a+mb+a—b+ﬁ23.§/b.(a—b).ﬁ =3

Bét dang thic duge ching minh. Dau dang thirc xy ra khi va chi khi

1 a=2
a-b=b=—<
b(a-b) = [b=1
, , A , . N a b C 3
Vi du 1.6: Cho céc s6 thuc duong a, b, ¢. Chirng minh rang;: + + > —
b+c c+a a+b 2

Phan tich: Day la bat ding thirc Neibizt dd duoc chimg minh bang phép bién d6i twong dwong. Tuy nhién
& day ta thir dung bat dang thirc Cauchy dé chtimg minh xem sao.

L . b 1
+ Hudng 1: Bé y dang thirc xay ra khi a = b = ¢ nén khi d6 co6 i ¢ —. Su dung
b+c c+a a+b 2
b+ b+
bat dang thirc Cauchy cho hai s6 a ¢ khi d6 ta dugc a + ¢ > 1, ap dung tuong tu ta
b+c’ 4a b+c 4a

dugc bét dang thirc:

+ + > +
b+c c¢c+a a+b 4a 4b 4c

a b ¢ >3_(b+c+c+a a+bj
Nhu vay ta can chimg minh dugc

b+c c+a a+b 3 b+c c¢c+a a+b
+ + e + + <6.

’ 4a 4b 4c 2 a b ¢ ,
Panh gia cuoi cung 1a mgt danh gia sai. Do d6 ta khong thé thuc hién ching minh theo hudng thir nhat
duoc.
, +b+ L
+ Huéng 2: Pé y 18 ——+1=2""7TC \hi d6 4p dung tuong tu duoc bt ding thirc
b+c b+c
+b+ +b+ +b+ 1 1 1 <
a S S ¢ 2]my2(a+b+c) + + > 9. Dé dang chi
b+c c+a a+b 2 b+c c+a a+b
1 1 1 1 .
ra dugc + + > 3., va cha y ta lai thay
b+c c+a a+b (a+b)(b+c)(c+a)

2(a + b+c) = (a +b)+(b+c) +(c + a) > 3.%/(& +b>(b+ c)(c +a) . Bén day ta c6 10i giai nhu
- Loi giai
Bét dang thire can ching minh twong duong véi




a+b+c+a+b+c+a+b+c
b+c c+a a+b

Hay 2(a+b+c)£ L + 1 + 1 j29

> 9
2

b+c c+a a+b
Ap dung bat dang thirc Cauchy ta duoc
2(a+b+c):(a+b)+(b+c)+(c+a)23.{/(a+b>(b+c)(c+a)
L + L + ! >3.\/ !
b+c c+a a+b 3(a+b)(b+c)(c+a)

NhéntheoVéhaibétdéngthﬁ’ctréntadu’qc2(a+b+c)[b1 + L + 1bj29
+c¢c c+a a+

Viy bt ding thirc duoc chirg minh. Péng thirc x4y rakhi vachikhia =b =c

Vidu 1.7: Cho a, b, ¢ 1a c4c s6 thuc khong 4m. Ching minh rang :
g/(1+ a)(1+b>(1+c) > 1+4/abc

Phin tich: Du doan dang thire x4y ra khi va chi khi a = b = ¢, dé don gian hoa bat dang thuc ta c6 thé
liy thta bac 3 hai vé khi do ta duge (l+a)(l+b)(l1+c)= (1 +/abe ) hay
(1 + a) (1 + b) (1 + C) > 1+ 3A/abc + 3.4/a’b’c’ + abc. Quan sat bat déng thirc ta chu ¥ dén déng thirc
(1+a)(1+b)(1+c) = 1+(a+b+c)+(ab+bc+ca)+abc.

Nhu vdy bat ding thic s& dwoc chimg minh néu ta chi ra dugc a+b+c>3i/abc va
ab +bc +ca > 3:/a’b’c’, 1 rang hai danh gi4 trén dung theo bat dang thirc Cauchy.
Loi giai

Bét ding thirc can chimg minh tuong duong véi (1 + a) (1 + b) (1 + c) > (1 +/abc )3

Hay 1+ (a +b+ c) + (ab + be + ca) +abe > 1+ 33/abe + 3.4a’b*c* + abe

Hay (a +b+c)+(ab+bc+ca) > 34fabe + 34/a’bic?
Ap dung bat dang thirc Cauchy ta c6
~a+b+c>3Rabe va ab+be +ca > 3-/a’b’c’
Cong theo v¢ hai bat dang thirc trén ta dugc di€u phai chimg minh.
Véy bat dang thirc dugc chirng minh xong. Pang thirc xay ra khi vachikhi a =b =c.

Vidu 1.8: Choa, b, ¢, d la cac s6 thue duong. Chiing minh r@ing:
<a+b)<a+b+c)<a+b+c+d
abced

)

r 2 r 2 ~ r
Phan tich: Bat ding thire duoc viét lai thanh (a +b)(a+b+c)(a+b+c+d) > 64abed. DE thiy

dang thic khong xdy ratai a = b = ¢ = d, do d6 dé dy doan duoc déu dang thirc xay ra tai dau ta can
quan sat that k¥ vai trd cac bién trong bat dang thirc. Nhan thay trong bat dang thic a va b, a +bva c,
a+b+cva d co vai trd0 nhu nhau, do d6 ta du doan dang thac xdy ra khi
a=bja+b=ca+b+c=d hay 4a = 4b = 2c = d, kiém tra lai ta thay két qua ding vay. Nhu

vay khi 4p dung bt ding thirc Cauchy ta can chii y bao toan dau dang thic. Trudc hét ta co cac danh gia
nhu sau:

a+b22x/£; a+b+c>2 (a+b)c; (a+b+C+d)2 24(a+b+c)d




Nhén theo vé cac bit dang thirc ta duoc

(a,+b)(a+b+c)(a,+b+c+d)2 216\/5.4/(a+b)c.(a+b+c)d

Tiép tuc ap dung cac danh gia nhu trén ta duoc

\/%.1 /(a + b)c. (a +b+ c) d> \/5.\/20\/%.21 /(a + b) cd
> @.\/QC@.Q\/QC@.d = 4abcd

Dén day ta thu duoc (a + b) (a +b+ c) (a +b+c+ d)2 > 64abcd chinh 1a bat dang thic can

ching minh.
Ngoai ra, dé don gian hon ta c6 thé thuc hién cac danh gia nhu

(a+b)2 > 4ab; (a-i—b+c)2 24c(a+b); (a+b+c—i—d)2 24(a+b+c)d
bén day ta nhan theo vé va thu gon thi dugc
<a+b)<a+b+c)<a+b+c+d)2 > 64abced

Bay gio ta trinh bay lai 101 gidi nhu sau

o . Loi giai
Bat dang thirc can chirng minh tuong duong véi
<a+b)<a+b+c)<a+b+c+d)2 > 64abced

St dung lién tiép bat dang thirc Cauchy dang (x + y)2 > 4xy, ta cod
(a+b+c+d)2 24d(a+b+c)20
(a+b+c)2 Z4C(a+b) > 0; (a+b)2 > 4ab >0

Nhan ba bét dang thirc trén lai theo vé, ta suy ra

(a+b)2(a+b+c)2(a+b+c+d)2 264abcd(a+b)(a+b+c)

Hay (a+b)(a+b+c)(a+b+c+d)2264abcd

Bét ding thire dugc chimg minh. Ding thirc xay ra khi va chikhi d =2c =4b =4a >0
Ngoai ra, ta cling co thé trinh bay 101 giai nhu sau:
Ap dung bat dang thirc Cauchy ta co

a+b22\/£; a+b+c>2 (a+b)c; (a+b+c+d)2 24(a+b+c)d

Nhén theo vé cac bdt dang thirc ta diroc

(a+b)(a+b+c)(a+b+c+d)2 216\@.,/(a+b)c.(a+b+c)d

Tiép tuc dp dung cac danh gid nhi trén ta dwoc

Vab.f(a+b)e.(a+b+c)d 2 Vaba2eab.2,f(a +b)c.d
> Jab/2evab.2y2cab.d = dabed

Pén day ta thu dwoc (a + b)(a +b+ c)(a +b+c+ d)2 > 64abed
Hay bat dang thirc diegc chirng minh.

Vi du 1.9: Cho a, b, ¢ 1a cac s6 thyc duong. Chirng minh rang:

1 1 1 1
<

- - + — - + — - <
a’+b’+abc b’+c’+abc ¢’ +a’+abc  abce




Phin tich: Bit déng thuc trén da dugc chimg minh bang cach danh gia miu, & d6 ta chimg minh bat dang
thirc phu a’ + b*> > ab (a + b) bang phép bién dbi twong duong. Trong vi du ndy ta s& chimg minh bét
dang thirc phu trén bang danh gia tir trung binh cong sang trung binh nhan.

Ta viét lai bat dang thic phu trén thanh a® + b® > a’b +ab’, khi d6 ta co cac danh gia la
a®+a’+b’>3a’b; a’ +b* +b® > 3ab’. Bén diy cong theo vé ta thu duoc bat dang thire trén. Dén
day ta trinh bay 101 giai nhu sau
) o Loi giai
Ap dung bat dang thuc Cauchy ta co

a’+a’+b*>3a’; a’ +b’ +b’ > 3ab’
Cong theo vé hai bat dang thirc trén ta dugc a’ + b’ > a’b + ab’
Suy ra a’ +b® +abc> ab(a+b+c)

1 1
Tir d6 ta duoc < - ¢

a’+b’ +abc ab(a+b+c) - abc(a+b+c)

Ching minh tuong ty ta co

1 < 1 _ a
b3+c3+abc_bc(a+b+c) abc(a+b+c)
1 < 1 B b

¢ +a’+abe ac(a+b+c) - abc(a+b+c)

Cong theo vé cac bat dangthtic trén ta dugc

1 1 1 1
3, 13 T T <
a”+b”+abc b’ +c’+abc ¢ +a’+abc abc o
Nhdn xét: Khi di tim loi gidai cho bat dang thirc trén, cdi lam kho ta chinh la phdi phat hién ra bat dang

thirc phy o’ +b* > ab (a + b). Trong qua trinh d6 doi hoi ta phdi cé sw phan tich ki cang va cé nhitng

dinh hwéng ré rang, con trinh bay chirng minh bat dang thirc thi cdach nao ciing dwoc mién la cang gon

cang tot.

Vi du 1.10: Cho a, b, ¢ 1a cac sé thuc duong. Chimg minh ring;
2a, 2b 2c 1 1 1
i T a T s s Tt
a +b" b'+c¢ ¢ +a° a' b c

Phin tich: Vi vai tro cac bién nhu nhau trong bt dang thirc nén ta duoc dy doan dang thirc xdy ra tai

1 . : .
——=-—<¢2a=a’+1,dodédang thic sé xdy ratai a =b =c = 1.
a +a a
Quan sat bat dang thurc ta nhan thay ve trai ctia bat dang thirc phuc tap hon nén ta chon danh gia bén vé
trai trude. Tu chiéu bat dang thic ta can phai thay cadc mau boi cac dai lugng bé hon, tirc 1a ta can c6 danh

a =b = ¢, khi @6 ta duoc

gia a’+b*' > 7, cho nén mot cach ty nhién ta nghi dén bat dang thirc Cauchy, khi d6 ta co
a’+b' >2a’’, danh gia nay van dugc bao toan ddu dang thic. Lic nay ta duoc

2a 2a 1

- TS — = va ap dung tuong tu thi ta s thu duoc
a’+a 2ab  ab

2a 2b 2c 1 1

1 . . C
< + + —— - Viéc chung minh s€ hoan tat néu ta chi ra duoc

+ — + — S — —
a’+b' b'+c' c"+a' a’® b’ ca




1 1 1 1 1 1 e

— +—— +—— < — +—+—,nhung diy 12 mdt danh gia dung theo bat dang thirc Cauchy. Do do6
ab bc¢ ca a b ¢
bai toan dugc ching minh.

’ o Lo giai
Ap dung bat ding thirc Cauchy cho cac mau so ta duoc
2a, 2b 2c 2a, 2b 2c 1 1 1
6 4 + ] 4 + ] 4 S 3 2 + 3 .2 + 3.2 = 21.2 + 2 2 + 2 2
a’+b" b'+c¢' c"+a' 2a’® 2b’¢® 2c’a® a’®® b’¢® ca
\ 1 1 1 1 1 1
Ta can chung minh dugc Sttt <+t —+—
ab” bc¢ ca a b ¢
That vay, cling theo bat dang thirc Cauchy ta c6
EENE I S N IO O S
a’ b a’® b' ¢ b ¢ a' ca’
A A A o , A 1 1 1 1 1
Cong theo ve ba bat dang thurc trén ta thu duoc D + e +—-<—+ g +—.
a c cCa a ¢

Viy bt ding thirc duoc chimg minh. Ping thirc xdy rakhivachikhia=b=c=1

Vi du 1.11: Cho a, b, ¢ 1a cac s thuc duong. Chimg minh ring:

a 1 b 1 c 1 9
al —+— |+b| =+ — |+c|=+— |2
2 be 2 ca 2 ab 2

Phin tich: Vi vai tro cac bién nhu nhau trong bt dang thirc nén ta duoc dy doan dang thirc xay ra tai
. a 1 3 . L )
a = b = ¢, khi do6 ta dugc a(§+—2J 25 < a =1, do d6 dang thirc sé xdy ratai a =b =c=1. Ta
a
viét lai bt ddng thirc can chimg minh thanh
a’+b’ +c’ +a2 +b'+¢’
2 abc
Dé ¥ dén danh gia a’ + b® + ¢’ > ab + be + ca khi d6 ta duge
a’+b’+c¢” a’+b’+c _a’+b'+c¢ 1 1 1
+ > =+ =+
2 abc 2 a b ¢
b2
2

59
2

Y

2
¢ .
> +—=2> ;E+ >—.Chiydéna=b=c=1,tacd

|~
N | o
N | o
DO | o

2
\ . a
Ta can chung minh duoc ? +

o
o |-

| | 1 .3 ; _
a +—= a + — 4+ — = —, do vay dén day bai toan dugc chimg minh.
2 a 2 2a 2 2
o ) Loi giai
Bat dang thuc can ching minh tuwong duong véi

a’+b’+c at+b'+c* _ 9
+ > —
2 abc 2
‘+b*+c’ b+ bc + 1 1 1
Mat khéc ta co a ¢ Za ¢ ca:_+_ hl
abc abc a b ¢
a’+b’+c” at+b'+c _a’+b+c 1 1 1
Do d6 ta dugc + > + 44
2 abc 2 a b ¢
. a’+b’+c¢> 1 1 1_9
Ta can chung minh dugc —_— =+ -2
2 a b ¢ 2
. a’ a’ 1 1 3
That vay, ap dung bat dang thirc Cauchytac6 —+—=—+—+— = —
2 a 2 2a 2a 2




2

, 1 1
Apdungtuongtutadu’(ycb—+—2§;C—+—2§.
2 b 2 2 ¢ 2
. C ‘+b'+c¢ 1 1 1
Cong theo vé ba bat dang thirc trén ta dugc u+—+—+—22
2 a b ¢ 2

Viy bat dang thirc duoc chimg minh. Pang thirc xay rakhivachikhia =b=c =1.

Vi du 1.12: Cho a, b, ¢ 14 cac s6 thuc duong théa min diéu kién abc = 1. Chirg minh rang:
"+b'+1 T+’ +1 ‘t+a’+1
Ja' +b N Jb' +c N Jc' +a S 3\/5
ab bc ca

Phén tich: Trudc hét ta du doan dang thirc xdy ra tai a = b = ¢ = 1. Quan sat bat dang thirc ta c6 cac ¥
tudng tiép can nhu sau:
+ Hudng thr nhat: Cha y dén chiéu bat dang thirc ta lién tudng dén danh gia twong ty nhu trong vi du 1.9

la a’+b’+1=a’+b’+abc>ab(a+b+c), khi do ta dugc bit ding thic I

Jar+b' +1 N ‘/ab(a+b+c) _m
ab B ab -

\/7 va ap dung hoan toan tuong ty ta dugc bat dang thirc
ab

\/a‘+b”+1+\/b:+c‘+1+\/c”+a‘+12 /7a+b+c.[ ! j.Phép chimg minh s&
ab be ca, \/5 \/E \/;

hoan tit néu ta chi ra dugc va+b+c. {
Jab f " Jea

dang nho hai danh gia sau:

\/a+b+c>\/3 ab —\/_m \/ L . L . ! =3
Jab f f \Vab vbe Vea
+ Hudng thtr hai: Ap dung try tiép bat dang thirc Cauchy ta c6 a’® +b* +1 > 3/a’b’ = 3ab nén ta

va'’+ b’ +1 S \/g

duoc > , ap dung twong tu ta duoc bat dang thic
ab vab
3 3
\/a +b’+1 \/b+c+1 \/C+a +1>\/—

ab be ca [J_ Jbe J_j

- 1 1 1
Phép chung minh s€ hoan tat néu ta chi ra dugc \/_ + \/_ + \/_ > 3, tuy nhién danh gia nay

] > 3\/_ Tuy nhién bat dang thirc do la

da duoc khang dinh trong hudng thir nhét. Bay gid ta trinh bay lai 10i giai nhu sau
Loi giai
Cich 1: D& dang chitg minh duge a® +b® > ab (a +b), khi do ta c6

m>4/ab(a+b+c) _m
ab B ab -

vab
Ap dung tuong ty ta dugc

\/a+b+1+\/b+c+1 \/c+a+1 m(1+1+1J

ab bc ca \@ be ca

Mit khac, ap dung bat dang thirc Cauchy ta ¢

Ja+b+c >1+/3%ab =\/§v2‘1 1 1 1 3\/ 1 . 1 ) 1
ab \/_ \/_ ab c vca

=3

-~




> 343

Nhan theo vé hai bat dang thirc trén ta duoc Va + b + C.[ 1 + 1 + 1 J
Jab Ve Vea
3 3 3 3 3 3
Ja' +b +1+\/b +c +1+\/c +a’+1 23\/5
ab bc ca
Vay bt dang thirc duge chig minh. Dang thirc xay ra khi vachikhi a=b=c =1.
Cach 2: Ap dung bét ddng thirc Cauchy cho ba s6 duong ta duoc

a’+b*+1>3Ya’®® =3ab
\/a"‘+b3+1 S \/g

Suy ra

Suy ra 2 , ap dung tuong tu ta dugc bat dang thirc
vab
\/a +b’+1 \/b3+c +1 \/c +a’+1 5 1 1 1
>
ab bc ca ab be \/
- , ~ L, a2 , ., 1 1 1 1
Mait khac ciing theo bat dang thirc Cauchy ta lai co >33 =3.
ab bc a’b’c’
3 3 3 3 E
Do d6 ta duoe \/a +b +1+\/b +c +1+\/c +a’ +123 3
ab bc ca

Vay bt dang thirc dugc chiing minh. Dang thirc xay rakhi vachikhia=b =c =

Vidu 1.13: Cho a, b, c 1a cac s6 thuc bat ki. Chirng minh réng:
1 - (a +b)(b+ c)(c +a)(1—ab)(1—bc)(1—ca) g 1

8 (1+aﬁ’)2(1+b2)2(1+c2)2 8

Phan tich: Vi bat ding thuc trén viée du doan dau dang thirc xay ra hoi kho. Dé dé quan sat hon ta co
thé viét lai bat dang thirc nhu sau:

‘(a+b)(b+c)(c+a)(1—ab)(1—bc)(1—ca)‘ 1

(1+az)2(1+b2)2(1+c2)2 8

Hay ta can ching minh
8‘(3, + b)(b + c)(c + a)(l —ab)(l - bc)(l - ca)‘ < (1 + a?)2 (1 + b‘z)2 (1 + (:2)2
Quan sat that ki bat dang thirc trén ta thiy can phai ching minh dugc
(1+a%)(1+b7) > 2|(a+D)(1-ab)
Véi bat (’iéng? thirc trén, ta st dung phép bién déi turong duong hoac bat dang thirc Cauchy. O day
ta su dung bat dang thuc Cauchy, chiu y bén v€ phdi cua bat dang thic cd chira dai luong
2|(a+b)(1-ab),

trén ta chi can nhan tung hai biéu thirc rdi so sanh 1a duoc va rat may 1a nhan dinh trén 1a dang. Bay gio ta
trinh bay lai 101 gidi nhu sau

\ . .y 2 2 S
nhu vy ta cn bién ddi vé trai thanh (a + b) + (1 - ab) . Dé kiém tra nhan dinh

. Loi giai
Bat dang thuc can ching minh dugc viét lai nhu sau:

‘(a+b)(b+c)(c+a)(1—ab)<l—bc)(1—ca)‘ y 1

(1+2°) (14b7) (14 ) 8

Hay ta can chimg minh

8‘(3,+b)(b+c)(c+a)(l—ab)(l—bc)(l—ca)‘ < <1+a ) (1+b2) (1+c )2

Ap dung bét dang thirc Cauchy ta co




<1+a2>(1+b2) =1+a’+b’+a’’ = (a+b)2 +(1—ab)2 > 2‘(a+b)(1—ab)‘
Ap dung tuong tur
(1+p*)(14+¢) 2 2‘(b+c)(1—bc)‘; (1+¢)(1+a%) 2 2‘(c+a)(1—ca)‘
Nhén theo vé cac bat dang thirc trén ta duoc

8‘(a+b)<b+c)<c+a)(l—ab)(l—bc)(l—ca)‘ < <1+a2)2 (1+b2>2 <1+(:2>2

Vay bt dang thiic dugc chimg minh.

Vi du 1.14: Cho a, b, ¢ 1a c4c s6 thuc duong théa man diéu kién a + b + ¢ = 3. Ching minh rang:
(a+1) (1+b) +(1+b) (1+c) .\ (1+c) (1+a)

: ‘ . > 24
1+¢ 1+a’ 1+ b’

Phén tich: Pau tién ta du doan dang thirc xdy ra tai a = b = ¢ = 1. Quan sat bat dang thuc thi y tuong
dau tién do6 la st dung bat dang thirc Bunhiacopxki dang phéan thtic, tuc 1a ta can phai chiing minh duoc

[(1+a)(l+b)+(1+b)(1+c)+(1+c)(1+a)]2

a’+b’+c* +3
Tuy nhién bat dang thic trén khong ding, muon kiém tra ta chi can chon mdt mét bo so, chang han

> 24

1 2 r r » r »
a=2b=c= 5 dé thu thi thay bat dang thirc trén khéng ding. Do d6 danh theo bat dang thirc

Bunhiacopxki khéng thuc hién dugc. Trong tinh hudng nay ta nghi dén danh gia bang bat ding thuc
Cauchy. ' o o
Trudce hét ta thir danh gia truc tiép bang bat dang thire Cauchy xem sao, ta co

(1+a)2(1+b)2 ) (1+b)2(1+0)2 .\ (1+c)2<1+a)2 S 3, (a+1)4(1+b)3(1+c)4
1+c 1+a’ 1+b’ (1+a2)(1+b2)(1+c2)
Bat dang thirc s& duoc ching minh néu ta chi ra dugc
(a+1) (14Db) (1+¢) 28 (1+a*)(1+*)(1+¢)
Tuy nhién danh gia trén lai khong diung.
Nhu vay dé déanh gia duoc theo bat dang thirc Cauchy hay Bunhiacopxki ta can bién doi cac biéu

’ ” 7 \ r 9 2 2
thirc trudce. Quan sat bat dang thirc ta nhan thay can bién doi (1 + a) (1 + b) thanh dai lugng c6 chira
(1 + aQ); (1 + b2) va ta c6 thé bién d6i nhu sau:

(1+a)2(1+b)2 :(aub+1+a+b)2 24(ab+1)(a+b):4a<1+b2)+4b(1+a2)

(1ra) (1+D) > qp LR g 1D
1+¢’ 1+¢’ 1+c¢

Pén day ta dugc
(L+b) (1+<) > qp1EC 4y LED (Lec) (1+a) > ga 1O 4y Lre

1+a’ 1+a’ 1+a?’ 1+b’ 1+b’ 1+b
bé y ta thay trong cac danh gid trén xuat hi¢n cac cap nghich ddo nén ta ghép chung lai

1+a’ 1+¢ 1+b’ 1+¢ 1+b’ 1+a’
a‘ + 4b. ¢ > 8b; 4a. — + 4a. C‘ > 8a; 4c. + 4c. a

1+¢ 1+a’ 1+¢ 1+Db? 1+a’ 1+b
Cht y dén gia thiét a + b + ¢ = 3 ta c6 dugc diéu can chirng minh va luc nay ta trinh bay lai 1o

gidi nhu sau

—, 4p dung tuong ty ta thu duoc

4b.

> 8¢

, =

) o Loi gidi
Ap dung bat dang Cauchy ta co

(1+a)2(1+b)2 :(ab+1+a+b)2 24(ab+1)(a+b)=4a(1+b2)+4b(1+a2)




(1+af(1+bf 1+a’ 1+b?

Suy ra > 4b. + 4a.
1+¢ 1+¢ 1+¢
Ap dung tuong ty ta thu duoc
1+b) (1+c) 2 : (1+¢) (1+a) 2 2
( )( ) 24b.1+ca+4c.1+b2;< )( ) > da T it
1+a 1+a 1+a 1+b 1+b° 1+b

Khi d6 ta duoc bit dang thirc
@+a)@+b)+(Lﬂﬁ(1+Q +@+c)@+a)

1+¢ 1+a’ 1+b’
IR NS S AP S LY I R Sk
o 1+ 1+¢ 1+a’ 1+a’ 1+ Db’ 1+ b
Mat khac ciing theo bat dang thirc Cauchy ta c6
g 12 1C g g TED g O S g BED Ly 1R g
1+¢ +a’ 1+¢ 1+ Db’ 1+a’ 1+Db°
Suy ra
4b1+a +4b.1+C +4&1+b +4a.1+C +4c.1+b +4c.1+a 28@m+b+c):ZHMdé
1+¢ 1+a’* 1+¢ 1+ b’ 1+a’ 1+b
a+121+b2 1+b21+c2 1+c21+a2
wdwe D) (D) (1ab) (1ee) (iec) (1+a)
o 1+¢ q1+a27 1+ Db’
Vay bat dang thirc dugc chirng minh. Pang thirc xdy rakhi vachikhia=b=c=1.
Vidu 1.15: Cho a, b, c 1a cac s6 thuc duong thdéa man + b + ¢ -
a+l b+1 c+1
Chimg minh ring: ab+bc+ca>12
o , Loi giai
Ap dung bit dang thirc Cauchy gia thiét ta c6
a_ _ 1- b 1 c _ 1 N 1 S 2
a+1 b+1 c+1l b+1 c+1 (b+1ﬂ0+w
. b 2 c 2
Tuong tu ta co 2> ; 2
b+1 1/(c+1)(a+1) c+1 1/(a+1)(b+1)
4 4. la+1){b+1
Khi d6 ta duoc ab > = ab > (2 1)(o+)

(a+1)(b+1) (1) fa+1)(b+1) c+1
4. (b+1)(c+1); Caz4. (c+1)(a+1)

a+1l b+1
Cong theo vé cac bat dang thirc trén ta dugc

4M/(a—kl)<b—kl)4_4M/(b—+1)(c4—1)4_4W/(04—1)<a—+1>

o c+1 a+1 b+1
Mat khac theo bat dang thirc Cauchy ta lai co

,J(a-+1)(b-+]) +,J(b-+1)(c-+l) +,J(C4—1)(a-+1)

c+1 a+1l b+1
Suy ra ab + bc + ca > 12. Vay bat dang thirc duge chimg minh.
Pang thuc xay rakhivachikhia =b =c =2.

Ap dung tuong ty ta dugec be >

ab+bc+ca >

>3

| Vidu 1.16: Cho a, b, ¢ 12 céc sé thuc duong bt ki. Chimg minh ring:



S(a2 +b? +c2> 27(a+b)(b+c)(c+a)

- >16
ab + bc + ca (a+b+c)3
Loi giai
2 2 2
Ding thic xdy ra tai a = b = ¢, khi d6 8(a Thre ) :27(a+b)(b+c)(c+a) =8
ab + bc + ca (a+b+c)3

Do d6 ta ap dung truc tiép bat dang thirc Cauchy cho ba sé duong
8(&2 +b’® + (:2) 27(& + b)(b + c)(c+ a) . 2\/8(212 +b’ + (:2).27(a + b)(b +c)(c+ a)

ab +bc + ca (a+b+c)3

Ta can

(aub+bc+C‘au)(a+b+c)3
chung minh dugc
27(&2 +b? +C2)(a+b)(b+c)(c+a) > 8<ab+bc+ca>(a+b+c)3

D@ thay (a +b)(b+ C)(C +a) = (a +b+ c)(ab+bc + C&)—abc
Ma theo bét déng thirc Cauchy tacd a + b + ¢ > 3@; ab + be + ca > 3%/a’b’c?

(a+b+c)(cb+bc+ca)
9

Suy ra > abc

Do d6 ta duoc (a+b)(b+c)(c+a) > %(a+b+c)(cb+bc+ca)

Suy ra 27(&2 +b% + 02)(21 +b)(b + c)(c+ a) > 24(&2 +b* + 02)(21 +b+ c)(cb + bc + ca)
Phép chirng minh s& hoan tat néu ta chi ra dugc

24(a2 +b? +CQ)(a+b+c)(ab+bc+ca) > 8(ab+bc+ca)(a+b+c)3

Hay 3<aZ+b2+CZ)Z(a+b+c)2

R rang danh gia cudi cung 1a mot danh gia dang. Vay bét déng thirc duge chimg minh.

Vidu 1.17: Cho a, b, c 1a cac s6 thuc duong thdéa man

\/ab2+b2+\/b2+c2+\/c2+a2 =32

2 2 2
s a b ¢ 3
Ching minh rang: + + > —
b+c c+a a+b 2
Loi giai
Pit x =va’ +b*; y=+b’ +c*; z=+c* +a’, khi d6 ta dugc x; y; z >0 va tir gia thiét ta duogc

X+y+z=3\/§
Tedotacd x* +y° +2° :2(a2+b2+c2).Dod()taduqc
2 2 2
-y +
a2=X y vz ;b2
2 2

’ y 5 2
Ap dung bat dang thirc Cauchy ta co (b + C) <2 (b2 + 02) = 2y2

Xty -7, Xty +7
’ 2
a2 X2—y2+22
>
b+c 2y\/§
b’ x*+y -7z° ¢ >—X2+y2+Z2
c+a QZ\/E “a+b QX\/E

Do d6 ta duoc

\%

Hoan toan tuong tu ta co6



Suy ra
a’ b’ c?
- +
b+c c¢c+a a+b
2 2 2 2 2
X +y 4z y X 4y + 7

2\/_(X +y +z)(i+§+§j_ \/y_
6\/’(X+y+z)2(i+%+§j_%

6\/_(x+y+z)(x+y+z)(l+l+1J—32 96?/\25

X y z
Viy bat dang thirc duoc chimg minh. Pang thirc xay ra khi vachikhi a = b = c= 1.

x+y+z

2X\/—

Vi du 1.18: Cho a, b, ¢ 14 cac s6 thuc duong théa man abc = 1. Chirng minh rang:
a' (b2 + 02) b* (c2 +a2) c' (a2 +b2>

‘ ‘ ‘ — > 2
b® + 2¢* ¢’ +2a’ a’ +2b*

o ) Loi giai
Ap dung bat dang thuc Cauchy va két hop véi gia thiét ta co

a' (b2 + C2) =a’ (agb2 + c2a2) > a’.2va’b’c® =2a’

Hoan toan tuong tu ta duge b (CQ + aQ) > 2b*; ¢! (a2 + b2) > 2¢?

-3

Khi d6 ta duogc
a4(b2+cz)+b4(02+a2)+04(a2+b2)> 947 . o X
b* +2¢* c’ +2a’ a’+2b*  b'+2¢® < +2a°  a'+2b°
3 3 3
Ta can chimg minh duoc 32& T+ 32b T+ 32C =22
b’ +2¢c” ¢’ +2a° a’+2b

That vay, dit x = b® + 2¢”; y=03+2a3; z =a’+2b°

xX—2y+4z. C3_y—2z+4x'a3_z—2x+4y
r 2 1 9 7 9 7 9

Bat dang thure can ching minh tré thanh

2(2—2X+4y) 2(X—2y+4z) 2(y—2z+4x)

+ + =2
9x 9y 9z

Hay ta can ching minh %{[E+E+Xj+4(X+E+EJ—6}22

X y 2 X y 2

Khi d6 ta dugc b* =

Ap dung bat dang thic Cauchy véi 3 s6 duong ta cd

E+§+ZZ33/E.E.Z=3;X+E+§233Z.5.5=3
X y z Xy z X 'y 2z XV z

Khi d6 ta dugc 2 E+§+X +4 X+E+§ —-6|2>2
9I\x v =z X y z

Vay bt dang thiic dugc chimg minh. Dang thic xdy rakhi vichikhia=b=c=1

Vi du 1.19: Cho a, b, ¢ 1a cic s thuc dwong. Ching minh rang:



ab + bc + ca (a+b+c)3

+ > 28
a’+b>+¢’ abc
, o Loi giai
Goi ve trai cua bat dang thuc trén la P, khi do ta co
ab + bc + ca 2(a+b+c)
_abtbera (o yplarbre)
a~+b +c abc
a+b+c
=al;+b#+(a2+b2+c2+2ab+2bc+20a)g
a~+b +c abc
1 1 1 1 1 1
=al;+b#+(a2+b2+c2) —t—+— +2(ab+bc+ca) —t—+—
a”+b +c ab bc ca ab bc ca
Ap dung bét dang thirc Cauchy ta duoc
1 1 1 1 1 1
—+—+—2$;(ab+bc+ca) —+—+—129
ab bc ca ab+bc+ca ab bc ca

Péylaa’+b’+c” >ab+cb+ca.Khidétaduoc
b+ bc +
P2w+(a2+b2+02)L+2.9
a’+b’+c’ ab + bc + ca
_[ab+bc+ca  a’+b’+c’ +8(a2+b2+02)
a?+b*+¢> ab+bc+ca
>2+8+18 =28

Vay bt dang thirc dugc chimg minh. Dang thic xdy rakhi vachikhia=b =c

+18
ab+bc +ca

, b b
Vidu 1.20: Cho a, b, ¢ 1a cac s0 thuc duong thoa man 2 (i + —] +c [% + —ZJ = 6.
a a
Chung minh rang: be + ca + dab > §
a(2b+c) b(2a+c) c(a+b) 3
) Loi giai
Tr gia thict
cla+b)(a’—ab+b’) 2(a*+Db’
2i+E +c %+£2 =6=6= ( )(22 >+ ( )
a a a’b ab
Ap dung bat dang thic Cachy ta c6
c<a+b)<a2—ab+b2) 2<a2+b2) c(a+b)
a’+b’>2ab=6= — + > +4
a’b ab ab
o ab
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
2 2
bc ac B (bc) (ac)

a(2b+c) " b<2a+c) - abc(2b+c) ’ abc(2a+c)

(bc - ac)2 ~ [c(a + b)}2

- 2abc(a+b+c) - 2abc<a+b+c)

(ab +bc+ ca)2
3

Va abc (a +b+ c) = ab.bc + be.ca +ab.ca <




2

C(a+b)

2

Suy ra ta ¢ be + ac 2§ M :§ ___ab
a(2b+c) b(2a+c) 2| ab+bc+ca 2 c(a+b)
1+7aLb
Goi P 1a vé trai ciia bat dang thic
Datt=M:>P23—tzz+é(vc’ri0<tS2).Tacc’)
ab 2(1+t)
3t° 4 3t 4 8 8 —TtP-8t"+32t+24 8
———t—=| ——+——— [+== . +—
2(1+t) b |2(1+t) 3] 3 6t(1+t) 3
:(t—2)(—7t2—22t—12)+§2§
6t(1+1) 33

Vay bt dang thirc dugc chimg minh. Dang thic xdy ra khi vachikhi a=b =c.

2. Ky thuit chon diém roi trong danh gia tir trung binh nhén sang trung binh cong.

Danh gia tir trung binh nhin sang trung binh cong chinh 13 danh gia bat dang thirc Cauchy theo
chiéu tir phia phai sang phia trai. Trong chudi danh gia dé ta ciing cn phai bao toan ddu ding thirc x4y ra.
Dudi ddy 12 mot s6 vi du sir dung k¥ thuat ddnh gid tir trung binh nhan sang trung binh cong.

Vi du 2.1: Cho a, b, ¢ 1a cac sb thuc duong théa mén dién kién a + b+ c = 1. Ching minh ring:

\/a+b +\/b+c+\/c+a S\/g

Sai lam thwong gip:

m=2.m.lga+b+1
m=2.\/ﬁ.1gb+3+1
cta =2.\/(:2+—a.lgc+z+1
2 2
:>\/a+b+\/b+c+\/c+a32(a+b2+c)+3223\£

Céch ching minh trén hoan toan sai. Vay nguyén nhén sai lam o day 1a gi?
Nguyén nhan sai lam: Dau dang thirc xay ra khi va chi khi a+b=b+c=c+a=1
= a+b+c =2. Diéu nay tri véi gia thiét.
Phin tich tim 10i gidi: Dé tim 10i giai cho bat dang thirc trén, ta can tra 10i cac cau hoi sau
- Dang thirc x4y ra tai dau?
- Ap dung bat dang thic Cauchy cho may sb, d6 1a nhing s nao? _ _
Do vai tro cta a, b, c trong cac biéu thirc 12 nhu nhau nén ta du doan diém roi cta bat dfmg thirc s€

1 2 (s . \
laa:b:(::g,tird()tac() a+b=b+c:c+a:5.Vibétdéngthl'lcchﬁacéccénbéchalnéndé

O . 2 .
pha cén ta su dung bat dang thirec Cauchy cho hai so 1a a va 5 ,.... Dén day ta co6 101 giai dang nhu sau:
Loi giai

X+

Ap dung bt dang thirc Cauchy dang +/xy < Y cho hai s6 khéng 4m ta co:




IN

2

a+b+—

Va+b:J§ @+b)z Jg————i
2 3 2 2

2

/ b+c+—

Vb+C==J§.(b+C)gﬁ£J§r————§
2 3 2 2

2

c+a+—

Jora - ) 2 £ 008
2 3 2 2

2(a+b+c)+3.g

3o 5
2

IA

:3Ja+b+Jb+c+Jc+a£J§

W |~

Bat dang thirc duge chimg minh. Dau dang thirc xdy ra khi vachikhia=b =c =

Vi du 2.2: Cho a, b, ¢ 1a cac sb thuc duong théa mén dién kién a + b+ c = 1. Ching minh ring:

%/a+b+%/b+c+§/c+aS§/E

Sai lAm thwong gap

Ya+b=g(a+D).11 s%
Jore=oro)Li<lrerlel

3
Je+a = 3(c+a).1.1 Sc-l—a—-l—l—i-l

3

2la+b+c)+6

Ya+b+¥b+c+etas (a C) LR

3 3

Céch chimg minh trén hoan toan sai. Vay nguyén nhan sai 1am ¢ day 1a gi?
Nguyén nhan sai ldm: Diu dang thic xdy ra khi va chi khi a+b=b+c=c+a=1
= a+b+c=2. Didunay trai voi gia thiét.
Phin tich tim 10i giai: Dé tim 101 giai cho bat ding thirc trén, ta can tra 10i cac cau hoi sau
- Dang thirc x4y ra tai dau?
- Ap dung bat dang thic Cauchy cho may s6, d6 1a nhiing s6? _ _
Do vai tro cta a, b, c trong cac biéu thirc 12 nhu nhau nén ta du doan diém roi cua bat dfmg thire s€

1 2 A .
laa=b=c=—,trdotaco a+b:b+c:c+a:g.Vibétdéngthﬁ:ccht'racéccénbécbanéndé

O . 2 2 .
phé cén ta su dung bat dang thirc Cauchy cho ba s0 1a a, 5 va 5 ,.... Dén day ta co 101 giai dung nhu sau:
Loi giai

) C +y+ .
Ap dung bat dang thic Cauchy dang {/xyz < % cho céc so thuc duong ta dugc




IN

a+b+z+g

et U8 RRSTER I Ehiaa u
4 33 4 3

b+c+z+g

fore—{2ypee) 222 8T
4 33 4 3

2 2

o | [ Cta+—+—

13[(:_’_8‘:32'3((:_’_&)'2.2 SQ.A
4 33 4 3

2la+b+c)+4
Suy ra Va+b+ﬁb+c+yc+a§#g.(a ; d =18

IA

IA

O (e . 1
Bat dang thirc duge chirng minh. Dau dang thirc xay ra khi va chikhi a =b =c = —.

Vi du 2.3: Cho a, b, ¢ 1a cac s6 thuc duong thoa man a + b + ¢ = 3. Chimg minh rang;

g/a<b+2(:) +§/b(c+2a) +§/c(a+2b) < 33/5

Phan tich: Do vai trd cia cac bién a, b, ¢ trong céc biéu thic 1a nhu nhau nén ta du doan diém roi cua bat
ding thic s la a=b=c=1,trdétaco a+2b=b+2c=c+2a=3 va 3a=3b=3c=3. Vi
bét ddng thirc chtra cac cin bic ba nén dé pha cin ta sit dung bat ding thirc Cauchy cho ba sb 1a 3a,
b +2c va 3,... Dén déy ta co 10i giai nhu sau:

Loi giai
Ap dyng bat dang thirc Cauchy dang {/xyz < # cho c4c sé thuc duong ta dugc
5a(b+2c) = 315 3a.(b+2c),3 < 31.3E3b—|-b+2c-|-3
5b(c+2a) = 315 3b (c+2a) 3 < 31.3b+c+2a+3
d(:(au+2b) = 315 3c (a+2b) 3 < 323C+a+2b+3
6la+b+c)+9
Suy ra %/a(b+2c)+%/b(c+2a)+§/c(a+2b)gi/g ( 5 ) =3§/§

Bét dang thic dugc chig minh. Dau dang thirc xdy rakhivachikhia=b=c=1.

. 1 1 .
Vidu 2.4: Cho a, b, ¢ 1a cac so thuc duong thoa man — + E + — = 4. Ching minh rang:
a ¢

1 1 1
+ + <1
2a+b+c¢c a+2b+c a+b+2c

1 1 . e
< — + —. Dau tién ta dy doan dau dang
XxX+y X ¥y

Phan tich: Quan sat bat dang thirc ta nghi dén danh gia

: . 3 . . . a .
thuc xay ra tai a:bZCZZ, khi d6 ta ¢c6 2a=b+c va b=c nén ta c6 danh gia nhu sau




1 1( 1 1 111 1({1 1 1(2 1 1) .
— < | —+ <—|—+—|—+—||=—| —+—+—|. Ap dung tuong tuy ta dugc
2a+b+c 4\ 2a b+c 412a 4{(b ¢ 16la b ¢

1 1 1 ({1 1 1 L e . e ea
+ + < —| —+—+— | =1. Dbén day ta trinh bay lai 101 giai nhu sau
2a+b+c a+2b+c a+b+2c 4la b c
Loi giai

Ap dung bt dang thic Cauchy dang

< = 4 — cho hai sé duong. Ta co:
X+y X ¥y

1 1( 1 1 111 1(1 1 1(2 1 1
—— < —+ <ol —+=|=+—||==|=+=+-=
2a+b+c 4[2& b+c) 4{2& 4(b cﬂ 16[& b cj

, 1 1(1 2 1 1 1(1 1 2
Tuong tyta cO6 ——— < —t =+ ——— < —| =+ =+

a+2b+c 16la b ¢

Cong theo vé cac bat dang thirc trén ta dugc

1 1 1 11 1 1
+ + S—|—+—+—|=1
2a+b+c a+2b+c a+b+2c 4(& b c)

Bat dang thirc duge chimg minh. Pang thirc xdy ra khi vachikhia=b =c=—.

Vi du 2.5: Cho a, b, ¢ 1a cac s6 thuc dwong bat ki. Chtng minh rang:

TR TR
+ + > 2
b+c c+a a+b

Phién tich: Trong chii dé thir hai ta di chimg minh bat ding thic trén bang phuong phap st dung tinh
chét cua ti s, nhung & do diéu kién cua bai toan cho a, b, ¢ 1a c4c canh ctia mdt tam giac. Véi bai toan
nay ta khong chimg minh duoc nhu vy ma phai sir dung cac danh gia khac. Quan sat bat dang thirc ta
thdy can phai khtr cac can bac hai bén vé trai.

- Cach thir nhét 1a binh phuong hai vé, tuy nhién lic d6 bén vé trai van con chira cin bac hai, do d6
ta khong nén stt dung cach nay.
X+

- Céch th hai 13 st dung bit déng thic Cauchy dang 'xy <~ d& ¥ dén chidu ciia bt ding

thirc nén ta sir dung bat dang thirc Cauchy cho cac mau sb. Tir d6 mot cach tu nhién ta nghi dén phép bién

R e a a \ N A A A A A N J A A J ’ L4
doi «/ = va vi khong can quan tdm dén dau dang thic xay ra nén ta c6 danh gia
b+c \/ a (b +c

2 . N
a > a . Bén day chi can 4p dung twong tu cho hai cén thuc con lai 1a bai toan duoc

a (b i C) a+b+c

chung minh
Loi giai

L1 A R , a a

Vi a 1a s6 thyc duong nén ta co A / =
btc  Ja (b + C)

. e + a 2a
Ap dung bat dang thirc Cauchy dang /xy < Ty ta duoc >

\/a(b+c) “a+b+c




/ b 2b 2
Ching minh tuong tu ta dugc > ; ¢ > ¢
c+a a+b+c Va+b a+b+c

Cong theo vé cac bat dang thirc trén ta duoc

+ + > 2
b+c c+a a+b

Ding thirc x4y ra khi va chi khi a = b = ¢ = 0, diéu nay trai véi gia thiét a, b, ¢ 1a cac sb thuc duong.
Do vay dang thirc khong xay ra.

Tuc 1a ta duoc \/a +\/ b +\/ ¢ > 2
b+c c+a a+b

Véy bai toan dugc chung minh.

Vi du 2.6: Cho a, b, ¢ 1a cac s6 thuc khong 4m théoa méin a + b + ¢ = 3. Ching minh ring:
a+b b+c c+a

+ > 2
\/a2+b2+6c \/b2+c2+6a \/C2+a2+6b

Phan tich: Dé y dén gia thiét a+b+c = 3, ta thu duge ¢ = 3—(a +b), khi dé ta co

2 2
a2+b2+6(::a2+b2+6<3—a—b):(3—a) +(3—b)
Lai ciing tir gia thiét trén ta cé a +b = 3 —c. Khi d6

a+b 3-c _ (3_(3)2

Ja? +b? +6¢ \/(:),_(GL)QJF(?)—b)2 (3—a)2+(3—b)2.

. . 2 2 2 )
Dén day dé don gian héa ta dit x = (3-a) >0;y =(3-b) >0;z=(3-c) >0, lic nay bat

dang thirc can chimg minh duoc viét lai 1a \/ x + \/ Y + \/ zZ s 2, day chinh 14 bat dang thic
y+z Z+X X+y

O vi du trén.
, Loi giai
Tugiathiet a+b+c=3,tacod
2 2
a2+b2+6c=a2+b2+6(3—a—b)=(3—a) +(3—b)

Do a, b, ¢ 1a cac sd thuc duong néntir a+b+c =3 tasuyra 0 < a,b,c < 3.

Do do6 ta dugc ath = S ¢ = <3_C)2
" Jal+b?+6c \/(3—a>2+(3—b)2 (3—a)2+(3—b)2
Ap dung tuong ty ta dugc bat dang thic
(3-a) ) (3-b) ) (3-c)
(3-b) +(3-c) \(3-¢) +(3-a) \|(3-a) +(3-D)

bat x = (3—&)2 >0y = (3—b)2 >0,z = (3—(:)2 > 0, lic nay bat dang thirc can chimg

minhdu’qcviétlailé\/ X +\/ Y +\/ 259
y+z Z+X X+y

Dén déy ta chimg minh tuong tuy nhu vi duy trén.

> 2

Vidu 2.7: Cho a, b, ¢ 1a cac s6 thuc duong bat ki. Chirng minh rang:




i e e

+ <1
c+2vVab a+2\/ b+2 ca
Phin tich: Trudc hét ta du doan dau dang thirc xay ra tai a = b = c¢. Quan sat bat ding thirc ta nghi dén

, , X + v n X . \ . 37 .y ’ , A
su dung bat dang thiic 4/xy < 4 , tuy nhién neu st dung ngay thi ta chi danh gia cho céac tr s6 duoc,

nhu vdy dudi miu van con chira can thirc. Cho nén dé sir dung dugc bat dang thirc d6 ta can phai khir
dugc cac can ¢ dudi miu trudc, tuy nhién viée nay khong thue hién duge. Chu ¥ dén chidu bit dang thuc
ta thy, chi can d6i dugc chiéu bat dang thirc thi ta ¢ thé st dung bat dang thirc trén co cac can thirc &

mau va viéc khir cac cin & tir s6 ciing don gian hon. Tir sy phan tich d6 ta c6 thé 1am nhu sau

Jab Jhe Jea
c+2\/_ a+2\/— b+ 2yca

< 1- 2\/& £23—2:1

c+2\/— a+2\/— b+ 2vca

P >1
c+2@ a+2\/— b +2vca

T +
Luc nay ap dung bat dang thuc /xy < x

<1

C C a
Y ta duogc > , thuc hién tuong
¢+ 2/ a+b+c
tir ta dugc bat ding thirc can phai chimg minh.
Loi giai
Bat dang thurc can ching minh twong duong véi

Jab Jbe Jea
c+2\/— a+2\/— b +2+/ca

< 1- \/; 2& £23—2:1

c+2\/_ a+2\/— b+ 24ca

<1

b
= >1
c+2vVab a+2\/ b+2 ca
. L +
Ap dung bat dang thirc 4/xy < Ty ta dugc
a _ b b

> ; > ; >
c+2Jab a+b+c a+2\/§ at+b+c b+2\/; a+b+c

Cong theo vé cac bat dang thirc trén ta duoc

b

C
ot ab a+2\/— b+ 2vca

Vay bt ddng thirc dugc chirg minh xong. Déang thic xay rakhivachikhia=b =c. ‘
Nhén xét: Khi danh gia mot bat dang thirc bang bat dang thirc Cauchy néu bi ngwoc chiéu thi ta co thé

>1

doi chiéu bat dang thire bang cdch nhéan hai vé véi — 1 roi cong thém hang sé dé ca hai vé déu duong. Ki
thudt sir dung bdt dang thirc Cauchy nhw trén con dwoc goi la ki thudt Cauchy nguwoc ddu, van dé nay sé

dirge ban cu thé hon trong chii dé “Ki thudt Cauchy ngwoc diu”

Vi du 2.8: Cho a, b, ¢ 1a céc sd thuc khong am thoa man ab + be + ca > 0. Chirng minh rang:

a(b+c) \/b(c+a) \/c(a+b)
\/a2+bc ’ b* + ca i ¢’ +ab =2




Phan tich: Diu tién ta thr voi a = b = ¢ thiy rang d4u ding thuc khong x4y ra, nén ta du doan né xdy
ra tai mt bién bang 0, di€u nay cang c6 co sé khi bai toan cho a, b, ¢ khong &m. Cho ¢ nhan gia tri 0 va
a = b thi dau dang thic xay ra. Nhu vay ta chon dugc diém roi cia bat dang thic la a =b; ¢ =0 va
cac hoan vi. Ciing tir diéu kién ab + bc + ca > 0 ta thdy trong ba s6 c6 nhiéu nhat mot s6 bang 0. Do d6
khi danh gid bat dang thirc ta can cht y dén bao toan dau bang.

Quan sat bit déng thic ta nhan thy a’ + bc + a (b + c) = (a + b) (a + c) , nhu vay néu duéi mau

co tich \/<a2 + bc) (ab + ac) thi theo chiéu bat dang thirc can phai chimg minh ta c6 ngay danh gia

2
a” +ab+bc+ ca : PO S
\/ (a2 + bc) (ab + ac) < 5 , nhung dé c6 dugc dicu nay ta phai nhan ca tir va mau cua

mdi phén s trong cin véi tir s6. Tuy nhién vi cho cac bién a, b, ¢ khong 4m nén viéc nhan thém khong
thé thuc hién dugce. Trong tinh huéng nay chi y dén diém roi va nhan xét trong a, b, ¢ c6 nhiéu nhat mot
s6 bang 0 ta co thé chia truong hop dé danh gia bat dang thuc.

- Trudng hop trong ba sb a, b, ¢ c6 mot s bang 0 va ta gia sur 1a ¢, khi d6 bat dang thic tré thanh

a b f 2

\/; + \/: > 2, bat dang thtrc nay hién nhién diung.
a

- Truong hop ca ba sd a, b, ¢ déu duong, liic nay thi viéc nhan thém khong bi anh anh hudng gi dén cac

danh gia ca. DBén day ta c6 danh gia nhu sau

b+c b+c) S 2a(b+c) ~ 2a(b+c)
Va +bc \/a +be ab_,_aC)_a2+ab+bc+ca_(a+b)(a+c)
<C+a)2 2b(c+a) . (:(a+b)Z 2c(a+b)
b? + ca (a+b)(b+c)7 ¢ +ab (b+c)(c+a)
Luc nay ta dugc bat dang thirc
\/a(b+c)+\/b(c+a)+\/c(a+b)> 2a(b+c) .\ 2b(c+a) .\ ZC(a+b)

a’ +bc b* +ca ¢’ +ab _(a+b)<a+c) (a+b)(b+c) (b+c)(c+a)

chuing minh s€ hoan tat néu ta chi ra dugc

Ap dung tuong tu ta duge

Phép

a(b+c) s b(c+a) s c(a+b) -
(a+b>(a+c) (a+b)(b+c) (b+c)(c+a)_
(a+b)(b+c)(c+a)+4abc

>1

Bién di twong duong bat ding thirc trén ta thu duoc
(a +b)(b + c)(c +a)
Danh gia cubi ciing hién nhién diing, ta trinh bay lai 10i giai nhu sau
Loi giai

Vi céc s6 a, b, ¢ khong 4m va ab + bc + ca > 0 nén trong ba sb a, b, ¢ ¢6 nhiéu nhat mot sb bang
0. Ta xét cac trudong hop sau
- Trudng hop trong ba sb a, b, ¢ c6 mot s6 bang khong, khi d6 khong mét tinh téng quat ta giasit ¢ = 0,
lac nay bat dang thirc can chimg minh tré thanh

RPN Ll

- Trudng hop ca ba s a, b, ¢ déu duong, khi d6 ta co

b+c b+c) S 2a(b+c) ~ 23(b+c)
Va +bc \/a +be ab+ac)_a2+ab+bc+ca_(a+b)(a+c)




b<c+a) . 2b(c+a) . c(a+b) . 2c(a+b)
b? + ca _(a+b)(b+c)’ ¢ +ab _(b+c)(c+a)
Luc nay ta dugc bat ding thirc

\/a(b+c)+\/b(c+a)+\/c(a+b)> 2a(b +c) Pcta) | 2e(a+h)

Ap dung tuong tu ta duge

a’ +bc b* +ca ¢’ +ab _(a+b)(a+c)+(a+b)(b+c) (b+c)(c+a)
. . a(b+c) b(c+a) c(a+b)
Ta can chung minh dugc + + >1
(a+b>(a+c) (a+b)(b+c) (b+c)(c+a)
Bién d6i twong duong va thu gon ta dugc 1 + dabc >1

(a+b)(b+c)(c+a)

Bét ding thire cudi cung ludn ding do 4abe > 0va dang thirc khong x4y ra trong trudng hop nay. Vay
bai toan dugc ching minh xong.

Nhén xét: Trong chimg minh bdt dang thirc viéc chia truong hop dé chirng minh gdy ra nhiéu kho khan.
Do dé néu tim dwoc mét cdch gidi ma khéng can phai quan tam dén viéc xét cdc truong hop thi sé tot hon
nhiéu. Véi bai todn trén ta thir tim 10i gidi khdac ma khéng phdi chia triueong hop xem sao?

Ciing xudt phdt tir nhdn xét nhw trén nhung ma khi tich \/(a2 + bc) (ab + ac) nam 6 trén tir thi

khong anh huong gi ca. Do do ta co danh gia nhw sau

2
\/(a2 +bc)(ab -+ ac) < M suy ra \/(a +bc) (ab i ac) <1
2 (a+b)(a+c) 2
Pén ddy ta nhan ca hai vé voi M > 0 thi ta duoc ﬂ < 1 (b—+6)
a” +bc (a+b)(a+c) 2\ a® +be

a(b+c) 2a(b+c)
Hay 5 2>
a” +bc (a+b)(a+c)

va cong viéc con lai hoan toan nhw trén.

Vi du 2.9: Cho a, b, ¢ 1a cac s6 thyc duong thoa man a + b + ¢ = 6. Ching minh rang:
a b

c
+ +
\/b3+1 \/c3+1 \/a3+1

>2

Phan tich: Pau tién ta dy doan dang thirc xdy ra tai a =b =c =2, chi y dén hang dang thic
]{)3+1:(b+1)(b2 —b+1) va khi b=2 thi b+1=b"-b+1=3 do d6 ta c6 danh gia sau

s+ :\/(b+1)<b2—b+1)£b+1+b2_b+1:b22+2, tr day ta suy ra dugc

2
a 2a , A, 42 ,
2 — , ap dung tuong tu ta dugc bat dang thic
Jbi 41 b+
a b 2a, 2b 2c
- +—
b 41 e+l \/a +1 b w2 r2 ate2
N 2 2b 2 . .
Ta can phai ching minh dugc el + 2 59 , dén day ta danh gia trén tr sO hay

o o b*+2 +2 a’+2 ,
dudi mau déu duoc bat dang thirc nguoc chiéu. Do dé mét cach ty nhién ta nghi dén tu tudng Cauchy




2a ab’

nguoc ddu, tie 13 ta bién doi 5 :a—Q—,chﬁ}'rdén dang thic xdy ratai a =b = ¢ =2 ta lai
b™ +2 b +2
co
ab> _ 2ab'  _ 2ab _adf’ _atlbb _a(2+b+b)
b’+2 b +b’+4  33piy 3 3 9
Ap dung tuong tu ta dugc
%2a 2h %2 2(a+b+c) 2<ab+bc+ca)
; +— +— 2a+b+c— -
b"+2 ¢ +2 a +2 9 9
2
(a+b+c)
Ma theo mot danh gid quen thudc ta ¢c6 ab + be + ca ST:H
. 2 2 2.6 2.12 L
Dén lc ndy ta c6 ——— + 2b T >6-20_212 _ 5 pay chinh Ia didu cin phai
b"+2 ¢ +2 a +2 9 9

chuing minh. Ta trinh bay lai 161 giai nhu sau.
Loi giai
Ap dung bat dang thic Cauchy dang 2/xy < x +y ta dugc

a a 2a 2a

Jb? 11 ) \/(b+1)(b2—b+1) - b+1+b' —b+1 b +2

Ap dung tuong tu ta dugc bat dang thuc
a b c 2a 2b 2c
+ + 2= +— +—
Vb +1 Vet 41 Nat+l D2 42 at+2
Ta can phai chimg minh dugc 22& + 22b + 22C >2
b"+2 ¢ +2 a +2
ab’
=a —
b* +2 b* +2
ab’ 3 2ab’ < 2ab’ _a\?’/2b2 _a\3/2.b.b <a(2+b+b)
b’+2 b +b’+4  33piy 3 3 9
%2a a(2+2b)
b’ +2 9
2a, 2b 2 2(a+b+c) Z(ab+bc+ca)

5 +— +— >a+b+c— -
b"+2 ¢ +2 a +2 9 9

(a+b+c)2

3

Do d6 ta duoc 2a + 2b n 2c >6_ﬁ_2.12:2

o b’ +2 +2 a’+2 9 9
Véy bat dang thirc dugc chirng minh xong. Pang thirc xay ra khi vachikhi a =b =c = 2.

, ma ciing theo bat ding thirc Cauchy ta duoc

That vay, ta cé

. Ching minh tuong tu ta dugc

Mait khac theo mot danh gia quen thudc ta c6 ab + be + ca < =12

Vi du 2.10: Cho a, b, ¢ 1a cic s thuc duong théa man a + b + ¢ = 1. Ching minh rang:
bc ca ab 1

+ + <=
\/a+bc \/b+ca \/c+ab 2




Phin tich: Dé y 1a Va + bc = \/a (a +b+ c) +bc = \/(a + b)(a + c) . Do d6 theo bt déng thirc

Cauchy ta dugc. Do do be = be < l( be + be J
Ja +be \/(a+b)<a+c) 2\a+b a+c
- | Lisi i
Str dung bat dang thitc Cauchy va két hop gia thiét, ta co:
bc bc B bc < 1[ bc bc J
Ja +be \/a(a+b+c)+bc \/(a+b)(a+c) 2\a+b a+c

Tuong‘a_rtaduch<l( ac ac j; ab S%( ab N ab J
c

b +
\[b+a‘C 2 b+a b+C \[C+a‘b +a C+b

Cong vé theo vé cac bat d:fmg thire trén, ta duogc
bc ca ab 1( ab ab bc bc ca ca
- - <= + - - - -
\/a+bc \/b+ca \/C-i—ab 2\a+c b+c a+b a+c b+a b+c

1{ab+bc ab+ac bc+ca 1 1
=_ + + :—(a+b+c):—
2\ a+c b+c a+b 2 2
s . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi vachikhi a =b =c = g

Vi du 2.11: Cho a, b, ¢ 1a cic s6 thuc duong théa man diéu kién a + b + ¢ = 3. Ching minh rang:
ab be ca 3

+ + <=
Je+3 a?+43 br+3 2

) 2
Phan tich: Bé y la <a+b+c) 23<ab+bc+ca) nén ab+bc+ca <3, do d6 ta duoc

c+3>c’+ab+bc+ca= <b+c)<c+ a), suy ra ta dugc bat dang thirc sau

ab < ab _ ab
\/c2+3_\/c2+ab+bc+ca \/(c+a)(c+b)
Ciing theo bt dang thirc Cauchy ta lai co ab < l[ ab + ab j
\/(C+a)(c+b) 2{c+a c+b

Loi giai
7 - 2
Tu bat dang thire (a+b+c) > 3<ab+bc+ca) via+b+c=3.
Suy ra ab + bc + ca < 3. Nhu véy theo bat dang thirc Cauchy ta duoc

b ab ab 1(ab . ab}

a — _
Jét +3 : J& +ab+be +ca - \/(C+a)(c+b> : 2{c+a c+b

bc 1( bc bc ca 1 ca ca
Tuong tu ta dugc —— < — + ; <— +
Jaz+3 2la+c a+b \/b2+3 2{b+a b+c
Cong theo vé cac bat dang thirc trén ta duoc
ab bc ca_ _at b+c 3

+ + < =
Je2+3 Va?+3 Jb'+3 2 2
Bét dang thirc dugc ching minh. Dau dang thirc xdyrakhia =b=c=1.

| Vidu 2.12: Cho a, b, ¢ la cac s6 thuc duong bat ki. Chimng minh rang;



ab bc

ca a+b+c
+ + <
a+3b+2c b+3c+2a c+3a+2b 6
Phén tich: Pai luong ————— va chiéu bat dang thirc lam ta lién tuong dén bat dang thic dang
a+3b+2c
Lﬁl+l+l,khidétaduqc
X+y+z X y 1z
9 9 1 1 1
a+3b+2c a+c+b+c+2b a+c b+c 2b
. 9ab 9ab ab ab a
Suy ra ta co = < + +
a+3b+2c a+c+b+c+2b a+c b+c 2
, ... . .. : ca+ab ca+bc bc+ab
Ap dung tuong tu va cha y dén tong + + =a+b+ec.
c+b b+a c+a
Loi giai
A A < ’ 9 1 1
Ap dung bat dang thirc Cauchy dang < —+—+—, taduoc
X+y+z X y 7z
9 9 1 1 1
a+3b+2c a+c+b+c+2b a+c b+c 2b
b b b b
Tt d6 suy ra Ja = Ja < a + a +i. Tuong tu ta chirng minh duoc
a+3b+2c a+c+b+c+2b a+c b+c 2
9bc < bc bc b

9ca ca

ca ¢
< +—; < -
b+3c+2a b+a c+a 2 c+3a+2b c+b b+a
Cong theo vé cac bat dang thirc trén ta co

9ab 9bc

2

N N 9ca ca+ab+ca+bc+bc+ab+a+b+c
a+3b+2c b+3c+2a c+3a+2b c+b b+a c+a 2
3(a+b+c)
- 2
Hay ab N bc N ca Sa+b+c
a+3b+2c b+3c+2a c+3a+2b

6
Bét ding thirc duge chirmg minh. Dau déang thirc xdy ra khi va chikhi a =b = c.

Vi du 2.13: Cho a, b 1a cac sé thuc duong théa man a,b > 1; a + b + 3 = ab. Chirg minh rang;
Ja?-1 -1 1 1+s\
+ + <
a b a+b 6

Phén tich va loi gidi
Trugce heét ta nhan thay vai trd nhu nhau trong bat dang thirc cua a, b va du doan dugc dau dang

ﬂ ‘ S 1 1 3
thirc xayrataia =b =3 . Turgiathiet a+b+3 =ab,tasuyra —+ —+—=1.
a b ab
s o 1 1
Dé don gidn hoa ta dat x = —; y =

a

Khi d6 gia thiét tro thanh x +y + 3xy = 1 va bét ding
thuc can chtiing minh duogc viét lai thanh

\/1—)(2 +\/1—y2 + Y < 1+8\/§
X+y 6

2 s 5
Cha y 1a cac dai lugng xy; x° +y°; (X + y) lién hé vdi nhau boi hang dang thuc quen thudc.
Do d6 ta s& ¢b biéu dién gia thiét ciing nhu bat dang thirc qua mot dai luong.




2
o 3 (X + y)
Theo bat dang Cauchy tadugc 1=x+y+3xy <x+y+

2 i
X+y=2= g Ciing theo bat dang thirc quen thude \/; + \/; <42 (m + n) ta dugc

Tt d6 suyra

V-5 41—y S\/2[2—(X2+y2)} < 22—

v Xy _1—(X+y): 1 ~

X+y_ 3(x+y) 3(x+y)

w |~

Lic nay ta dugc

\/1—X2+\/1—y2+ }?yg\/2[2_(x2+y2ﬂ+l_(x+y>

X 3(X+y)
< 2 2—(X+y)2 st o 2—1-(2T L L1 _ 1482
2 3(X+y> 3 213 Q 3 6
3

o , 1
Vay bat dang thuc dugc chung minh. Dang thuc xady rakhi x =y = g < a=b=3.

Vi du 2.14: Cho a, b, ¢ 1a cac s thuc duong tiry y. Chimg minh rang:

(a+b)(a+b+20) Sl

<3a +3b+ 2c)2 8

, , - 2 N
Phan tich: Ta viét lai bat déng thirc thanh (a + b) (a +b+ 2c) < (3a +3b+ 2c) . Céch phat biéu

0 | —

ctia bat dang thirc 1am ta lién tuong dén bat dang thirc xy <

o Loi giai
That vay, ap dung bat dang thirc Cauchy ta co

(a+D)(a+b+2¢) = (2a+2b) (a + b+ 2)

(2a+2b)+(a+b+2e) ’

1 1 2
<= = —(3a+3b+2c)
2 2 8
(a+b)(a+b+2€) 1
Tur @6 ta duoc 5 <—
(3& + 3b + 20) 8
Ping thirc xay ra khi va chi khi a + b = 2c.
. . 2
Vi du 2.15: Cho cac s6 thyc a > b > 0. Chirng minh rang: 2a + 3 >5

(a-Db)(2b+3)

Phan tich: Quan sat bat ding thirc ta thdy c6 cac y tudng sau:




+ Y tudng thir nhét 1a st dung bt dang thirc Cauchy véi danh gia tir trung binh cong sang trung
. | 2 \
binh nhan, ¢ day d¢ ta can khir duoc dai lugng (a - b) (2b + 3) thi ta can phan tich dugc

a:k(a—b)+m(2b+3)+m(2b+3)—6m,dédémgtimraduqc k =2; m:%.

’ 2
+ Y tuong thtr hai la danh gia (a - b) (2b + 3) theo danh gia tr trung binh nhan sang trung binh

cong, chu y dén dau dang xay ra ta duoc

(4a—4b)(2b+3)(2b+3) < (4a—4b+2b+3+2b+3j3 :{4a+6]3

3 3
A A o , 32 S .
bén day ta chi can ching minh dugc 2a + 8— > 5 bang danh gia tu trung binh cdng
3
sang trung binh nhan la xong.
7 ) Loi gidi
Cach 1: Biéu thuc vi€t lai nhu sau
2b + 2b + 2
P=(2a—2b)+ 23+ 3+ 5 -3

2 (a-b)(2b+3)
Ap dung bt dang thic Cauchy ta c6
(2&—2b)+2b+3+2b+3+ 32

2 2 (a-b)(2b+3)

> 4,/(2a - 213)[%2+ 3

32

) (a—b)(2b+3)

=8

Do d6 P > 5. Ping thirc xay ra khi va chi khi
2b+3 32

2
2 (a-b)(2b+3)
Ciach 2: Ap dung bét dang thirc Cauchy ta dugc

2a—2b =

b=t
2

DO | W

hay a =

da—4b+2b+3+2b+3) (4a+6) 8
(4a—4b)(2b+3)(2b+3)£[ azab¥ 3+ reb J =( a; J :E(2a+3)3
T do ta co
poga. 32 _2a+3 2+3 2+3 4323_3
SICOE ) A C S

Ciing theo bat dang thirc Cauchy ta duoc
2a+3 2a+3 2a+3 432
+ + +

~>8
3 3 3 (2a+3)
Do d6 P > 5. Pang thirc xay ra khi va chi khi
2a—2b:2b+3: 32 Qhaya:g,b:a

(a=b)(2b+3)



Vi du 2.16: Cho a, b, ¢ la cac s thuc duong théa man a* + b* + ¢* < abc . Chirng minh rang:

a b C
- + <

a’+bc b +ca c*+ab

N | =

Phin tich: Trudc hét ta du doan dang thirc xay ra tai a = b = ¢ = 3. Bét dang thirc chita dai luong
1 . . 5 . 1 1

5 , d¢ y dén chiéu ta lién tuéng dén danh gia quen thudc < —+4+—, khi d6 ta co

a” + bc Xty X ¥

1(1 o ’ ’
a < _(_ + i] . Bé y tiép ta co bi -2 < a . Nhu vay ap dung tuong tu ta thu
¢

a’+bc 4la be abc a’+b’+c’

2 a b ¢

b 111 1 1 .
duoc a 5 +- SR [ | . Bai toan s€ dugc chung minh xong néu ta
a~+bc b +ca c +ab 4

1 y . . =
chi ra duoc —+ B +—<1. Chu y tiép dén gia thict ta duoc
a c

2 2 2
a“+b" +c ab+bc+ca 1 1 ,
1> > = —+ — + —. Dén day ta trinh bay lai 101 giai nhu sau
abc abc a b c

Loi giai

1 1
< —+—, taduoc
X+y X ¥y

a al 1 1
g
a’ + bc 4(&2 bc]

2 2

Ap dung bat ding thic quen thudc dang

. e a a a
Két hop véi gia thiét a” + b> + ¢® < abc ta dugc — = S R
bc abc a’+b’+c
a al 1 1 11 a’
a’+bc 4la” bc 4{a a’+b’+c

Ap dung tuong ty ta duoc

24 b 4 Si[l+l+l+lj

a’+bc b*+ca c*+ab a b ¢
. 1 1 1
Ta can ching minh —+—+-<1
a b ¢

That vay, Ap dung mot danh gia quen thudc va két hop véi gia thiét, ta duoc
1> a’+b’ +c’ > ab + bc + ca =l+l+l
abc abc a b c

Véy bat dang thirc duge chirng minh. Pang thirc xdy rakhivachikhia =b=c=3

Vi du 2.17: Cho a, b, ¢ 1a cac s6 thuc dwong tity y. Chiing minh rang:

a b a >3\/§

+ + >
\/ab+b2 \/bc+c2 \/ca+a2 2

Phan tich: D& dang du doan dugc dang thic xay ra tai a =b =c, khi d6 d¢ y dén danh gia

2b+(a+b 24/2 .
2b.(a + b) < ( ) _af 3b khi do6 ta dugc a > \/—a . Ap dung tuong tu thi
2 2 Jab+b? a+3b
2 b + 2 > 2a\/§ + 2b\/§ + QC\/E , nhu vdy ta chi can chi ra duoc

+ >
Jab+b? Wbct+c? Vea+a® at3b b+3c c+3a




a b C

+ +
a+3b b+3c c+3a
Bunhiacopxki dang phén thirc.

3 o . . L e
> Z, day 1a mdt bat dang thiic c6 thé ching minh bang bat dang thuc

’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
2b+(a+b) a +3b

2b.(a+b) < 5 .

Ap dung tuong ty ta dugc

a N b N a S 2a\/§ +2b\/§+20\/§
\/ab+b2 \/bc+c2 \/ca+a2_a+3b b+3c c+3a

2032 2bvV2 262 _ 342
+ + >

a+3b b+3c c+3a 2

Ta can chung minh

Hay a+b+CZ%.

o a+3b b+3c c+3a
Ap dung bat dang thirec Bunhiacopxki dang phan thirc ta dugc
2
a+b+c
a b c o ( )

+ + 2 .
a+3b b+3c c+3a a’+b’+c’+3ab+3bc+3ca
Mait khac, tir mot danh gia quen thudc ta co

<a+b+c)2 23<ab+bc+ca)

Do d6 ta duoc
a’+b’+c? +3(8ub+bc+ca):a2 +Db? +c? +2(ab+bc+ca)+(ab+bc+ca)

S(a+b+c)2+%(a+b+c)2=é(a+b+c)2

3

2

a+b+c
Tt d6 suy ra a + b + ¢ Z( ) :i
a+3b b+3¢c c+3a 4 4

— a+b-|—c2
il )

Viy bat dang thirc duoc ching minh. Pang thic xay rakhi vachikhi a = b = c.

1 1
+ +
a+b b+c c+a

Vi du 2.18: Cho a, b, ¢ 1a cic s thuc duong théa méin = 6. Chirng minh rang:

1 1 1
+ +
3a+3b+2c 3a+2b+3c 2a+3b+3c

<

3
2
Loi gidi

1
< —+ — taduoc
X+y X ¥y

Ap dung bét dang thirc Cauchy dang

1 1 1 1 1
= <-— +
3a+3b+2c  (2a+b+c)+(a+2b+c) 4(2a+b+c a+2b+cj

<

1 1 . 1 1 1[ 2 1 1 j
4 <a+b)+<c+a) (a+b)+(b+c) “4|4\a+b b+c c+a

1 2 1 1
= — + +
16la+b b+c c+a

Hoan toan tuong tu ta dugc




1 1 2 1 1
— <= + +
3a+2b+3c 16la+c a+b b+c
1 1 2 1 1
— <= + +
2a+3b+3¢c 16{b+c a+b c+a
Cong theo vé cac bat dang thirc trén ta duogc
1 1 1 1 4 4 4 3
+ + < — + + ==
3a+3b+2c 3a+2b+3¢c 2a+3b+3c 1l6la+b b+c c+a 2

Viy bat dang thirc duoc chimg minh. Pang thic xdyrataia =b = ¢ = %

Vi du 2.19: Cho a, b, ¢ la cac s thuc duong théa man 13a + 5b + 12¢ = 9. Ching minh ring:
ab 3bc 6ca

+ + <1
2a+b 2b+c 2c+a
o ) Loi giai
Bat dang thuc can ching minh tuwong duong véi
1 1 1

<1

+ +
2,102 111
b a 3c 3b 3a 6¢
A A M ” ]. 1 1
Ap dung bat dang thuc dang —+—+—2=
X Yy zZ X+y+z

2 1 1 1 1 9
St =t
b a b b a 2b+a
2 1 1 1 9
—t—=—t—+—2
3c 3b 3c 3c 3b 6c+3b
1 1 1 1 1 9
—t—=—t—— >
3a 6c 6a 6a 6c 12a+6¢
Do @6 ta duoc
1 1 1 1 1 1
+ + < + +
2,1 2 1 1. 1 9 9 9
b a 3¢ 3b 3a 6c 2b+a 6c+3b 12a+6¢
_2b+a+60+3b+12&+60_13a+5b+12c_1
9 9
A A N /. /. . A < /. A . 3
Véy bat dang thirc dugce chirmg minh. Dau dang thic xay ratai a =b = ¢ = E
Vi du 2.20: Cho a, b, ¢ 14 cac s6 thuc duong théa man ab + bc + ca = 3. Ching minh rang:
1 N 4 2§
abc (a+b)(b+c)(c+a) 2
’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
alb+c)+b(c+a)+cla+b
%/abc(a+b)(b+c)(c+a)£ ( ) ( ) ( )=2
3
Tu d6 suy ra
3/_abc£ 2 :abc< 4

#(a+b)(b+c)(c+a) 2 _(a+b)(b+c)(c+a)




Mit khac, ciing theo bat dang thire Cauchy ta duoc
3 =ab+bc+ca > 3va’b’c® & abc <1.
Do d6 ta duoc

1 4 1 +abc2 1 +aubc—a—b(322—l=§

+ >
abc (a+b)(b+c)(c+a) abc 2 abc 2 2 2
Viy bt ding thirc duoc chimg minh. Pang thirc xdy rakhi vichikhia=b=c=1

Vi du 2.21: Cho a, b, ¢ la cac sd thuc duong tity y. Chimg minh rang:

2/3a 6b 6e 53

+

Jarv)(are) bra)bre) Jlera)(erh)

Loi giai
Bat dang thuc duoc viét lai la

22 L2l 2
\/<a + b)(a +c) \/<b+a)(b +c) \/(c+a)(c+ b)

Ap dung bat dang thirc Cauchy ta duoc

2a a a
< +

\/<a+b)(a+c)_a+b at+c
2/3b b 3b
\/<b+a)<b+c) a+b b+c
2\/50 < C N 3¢
\/<c+a>(c+b)_a+c b+c

Cong theo vé cac bat dang thirc trén ta dugc

2 L2 2
\/(a +b)(a +c) \/(b + a)(b+ c) \/(c + a)(c+b)

<a+a+b+3b+c+3cz5

~a+b a+c a+b b+c a+c b+c
Do dang thirc khong xay ra nén ta dugc

2 Lol oV
\/(a+b>(a+c) \/(b+a)(b+c) \/<c+a)(c+b>

Viy bat dang thirc duoc chimg minh.

<bh

<H

Vi du 2.22: Cho a, b, ¢ 1a cac s6 thuc duong théa min a + b + ¢ = 1. Chitng minh rang:
ab bc ca 3
;T ) T 7S 9
1-¢© 1-a” 1-b° 8

Loi giai
Tugiathiet a+b+c=1taco

1-¢ =(a,+b+c)2—c2 =a2+b2+2(ab+bc+ca)22(ab+bc)+2(ab+ca)

1 1
< —+ — taduoc
X+y X ¥y

Mit khéc ap dung bat dang thirc Cauchy dang

ab < 1 ab ab

2(ab+bc>+2(ab+ca) 4 2(ab+bc> ’ 2(ab+ca)




Do d6ta co ab Sl ab + ab
1-c¢c> 8lab+bc ab+ca

Ap dung tuong tur

be 1 be be ca 1 ca ca
< — + ; < — +
1-a®> 8lbc+ca ab+bc) 1-b* 8lca+ab bc+ca

Cong theo vé cac bat dang thirc trén ta duoc

ab N be N ca
1-¢ 1-a*> 1-b’
1 ab ab be be ca ca 3
<= + + + + + =—
8lab+bc ab+ca bc+ca ab+bc ca+ab bec+ca 8

Vay bét dang thirc dugc ching minh. Ding thirc xdy ra khi vachikhi a = b = ¢

. s 3 . :
Vi du 2.23: Cho cac so thuc duong a, b, ¢ thoa man dieu kién a + b +c = Z . Clrng minh rang:

1 1 1
+ + >3
Q/a+3b ‘\3/b+3c §/C+3a
Loi giai

Ap dung bt dang thirc Cauchy ta duoc

Ya+3b = ,/(a +3b).1.1 < &;”
3

1

>
Ja+3p a+3b+2

Do d6 ta duoc

Ap dung tuong tu ta dugc
1 > 3 : 1 > 3
Yb+3c b+3c+2 {oy3a c+3a+2
Cong theo vé cac bat dang thirc trén ta duoc
1 1 1 3 3 3
- - > - -
Ya+3b Yb+3c Ye+3a a+3b+2 b+3c+2 c+3a+2

Mit khac theo bét dang thirc Bunhiacopxki ta dugc

3 3 3 3.9

+ + 2 =3
a+3b+2 b+3c+2 c+3a+2 4<a+b+c)+6

1 1 1
+ +
%/a+3b %/b+30 %/c+3a

Do d6 ta dugc >3

L . . 1
Vay bat dang thire dugc chirng minh. Pang thire xay ra khi vachikhi a =b =c = Z .

3. Ky thuit ghép cip trong bat ding thirc Cauchy
Trong nhiéu bai toan ma biéu thirc & hai vé tuong ddi phtre tap, viéc ching minh tryc tiép tré nén
kho khin thi ta c6 thé sir dung k¥ thuat “Ghép cap” dé bai toan tré nén don gian.
O céc bai toan bét dang thirc, thong thuong chiing ta hay gip phai hai dang toan sau:
-Dang 1: Chimg minh X+ Y +Z>A+B+C.

Y twdmg 1: Néu ta chimg minh duge X + Y > 2 XY > 2A.
Sau d6 tuong ty hoa dé chira Y +7 > 2B; Z+ X > 2C (Nho tinh chat d6i xing cta bai toan).

Cong ba bét déng thire trén lai theo vé roi rit gon cho 2, ta co:




X+Y+Z>A+B+C
Y twéng 2: Néu ta ching minh duge X + A > 24 XA > 2B
Sau d6 tuwong ty hoa dé chira Y +7 > 2C; Z+ X > 2A (Nho tinh chit dbi xting cua bai toan).

Cong ba bat dang thirc trén lai theo vé rdi rat gon cho 2, ta c6 ngay diéu phai chirng minh.
- Dang 2: Chung minh XYZ > ABCv6iX,Y,Z >0

Y twomg: Néu ta chimg minh duge XY > A”.
Sau d6 tuong tu hoa dé chi ra YZ > B*; ZX > C? (nho tinh chét déi ximg cua bai toan). Sau d6
nhan ba bat dang thic trén vé theo vé rdi 1y cin bac hai, ta co
XYZ > VA’B’C*=|ABC| > ABC.
Chit Y mjt sé cach ghép doi xirng:
2<X+y+z) =X+y+y+z+z+X
Phép cong: X+y y+7z z+X
X+y+z= + +
2 2 2
x’y’z’ = (Xy).(yz).(zx)

Phép nhan: vz = \/g\/ﬁ\/; (X, V,7Z 2 O)

Vidu 3.1: Cho a, b, ¢ 12 ba s thuc duong. Chimg minh ring:

ab bc ca
—+—+—2=>a+b+c
C a

Phan tich: Bai toan nay codang X+ Y +Z> A+ B+ C, trong do

x= y by @\ _upho=e.
C a b

A o ab bc ‘. . )
bé y rang hai biéu thic — va — 1a d6i xtng véi b (tuc vai tro ctuia a va ¢ nhu nhau). Do d6 su
c a
<A o X o .. ab bc
dung k¥ thuét ghép cap ta s€ thir ching minh — + — > 2b.
c a

Loi giai

Ap dung bét dang thirc Cauchy ta c6 @ + E > 2, /@ . E =2b
c a c a

ca ab bc ac
Tuong tu ta co —+—2>2a; —+—2=12c
c a

A~ A e A A, gl , A ab bc ca
Cong vé véi vé cua 3 bat dang thire trén ta dwgc — +—+—>a+b+c
c a

Bét dang thirc dugc ching minh. Dang thirc xy ra khi va chikhi a = b = c.

Vi du 3.2: Cho a, b, ¢ 1a cac s6 thyc dwong. Chimg minh ring:
abcZ(b+c—a)(c+a—b)(a+b—c)

Phin tich: Néu (b +c— a) (c +a-— b)(a +b- c) <0 thi bat dang thirc hién nhién ding. Ta xét
truong hop (b+c—a)(c+a—b)(a+b—c) >0.

Dé y rang bat dang thirc nay c6 dang XYZ > ABC, vi véy sir dung k¥ thuat ghép déi ximg, ta
chi can chimg minh b* > (a +b —c)(b +c —a).

Loi giai




Bét ding thirc c6 tinh ddi xtmg giira cac bién, do d6 khong mat tinh tong quat ta gia st a > b > ¢, Khi
dba+b-c=20vaa+c—b=0.

+Néu b + ¢ —a < 0, bat dang thiic hién nhién dtng.

+Néub+c—a>0.Khindytaco b+c—a; c+a—b; a+b—c lacicsd duong.

z ” 2
Str dung bat dang thirc Cosi dang (X + y) > 4xy, suy ra

)S[(a+b—c)+(b+c—aﬂ _

(a+b—c)(b+c—a

(b+c—a)(c+a—b)s :<b+c_a)z(c+a_b): =c’
(c+a—b)(a+b—c)£ _(C+a—b)-;(a+b—c>_ =a’

Nhan theo vé cac bat dang thirc trén ta duoc diéu can ching minh.

Bai toan dugc giai quyét xong. Dau bang xay ra khi va chikhi a =b =c.

Nhén xét: Khi chwa xdc dinh dwoc cac sé khong am ma dp ding ngay bt dang thirc Cauchy thi sé dan
dén sai lam. Trong tinh huong dé ta cé thé chia nhé thanh cdc trwong hop riéng dé chirng minh bai todn.

Vi du 3.3: Cho a, b, ¢ 1a cic s6 thuc duwong. Ching minh rang:
a” b> ¢ _b c a
— =2+ —+—
b* ¢ a° a b c

2 2 2
a~ b a’ b a . .
Phén tich: Dé ¥ 1a b_ +—2>2 - —- = 2|—|, ap dung tuong tu va cong theo vé€ cac bat dang thirc
¢’ ¢
thu duoc.
Loi giai
2 2 2
a~ b /a b a
Ap dung bat dang thirc Cauchy ta c6 — + — 22 —2 — =2—
b* ¢ b ¢
b’ ¢ bl ¢ a’ c
Tuong tu ta dugc 5t 22— 5 +522|—
¢ a al a~ b b
Cong theo vé cac bat dang thirc trén ta dugc
2 2 2
b b b
2 a—2+—2+c—2 > |2+ + 12 |22] 2+ 5+ 2
b® ¢ a a c a b c

. a2+b2+c2>b+c+a
ay Y Y s = - -
b> ¢ a? a b c

Bai toan duoc giai quyét xong. DAu bang xdy ra khi va chikhi a =b = c.

Vi du 3.4: Cho a, b, ¢ 1a cac s6 thuc duong thoa mén abc = 1. Ching minh rang:

b+C+C+a+a+b2\/;+\/g+\E+3

Ja b e
b+c22x/b— be

Phan tich: Dé ¥ 1a theo bat dang thirc Cauchy ta c6 2 va ciing theo bt ding thirc

A
Cauchy ta lai c6 ,/ «fﬁ > 21/ bC

L()'l gidi




X . b+ 24/b / b
Ap dung bat dang thirc Cauchy ta co €> € o ¢
a

Tuong tu ta duoc

%
=
.
N

Cong theo vé cac bat dang thirc trén ta duoc
b+ c ¢ + a a+b bc ca ab
NN U P TR
bc
Ciing theo bt dang thirc Cauchy ta lai c6 [— 2> 24| — - . = 2\/2
a

ca s

b
Apdungtucmgtutaduoc«/—+«/ 2\/;, ,}@ 1/ ZQ\/E

c

/ / b
Cong theo vé cac bat dang thirc trén ta dugc + % + a > \/; + \/g + \/g

Do d6 tasuy ra b\/+_c Cj_a \/_b (\/_ \/E + \/E )

Ta cin chimg minh dugc 2(\/;+\£+\E)z\/;+£+\ﬁ+3@\/;+\£+\ﬁz3

Danh gia cui cing 1a mot dénh gia dang theo bat dang thirc Cauchy va gia thiét abc = 1
Bai toan duoc giai quyét xong. Dau bang xay rakhivachikhia=b=c=1.

Vidu 3.5: Cho a, b, ¢ 1a d6 dai ba canh cua mét tam giac va p 1a nira chu vi. Chirng minh rﬁng:

(p-a)(p-Db)(p-c)< éabc

Phan tich: Tur gia thiét ta nhan duoc (p—a); (p—b); (p—c) 1a cac sb dwong va chu dén

. —a+p-b

p—a+p—-b=c. Do d6 ta nghi dén danh gia \/(p—a)(p—b) < % = %.Nhu’véytac()
thé chtrng minh bat dang thirc nhu sau:

’ o Loi giai

Ap dung bat dang thirc Cauchy ta c6

(p=a)(p=b)(p=c) = (p=2)(p=b)J(p-b)(p—c)y(p—c)(p -]

_(p=a)(p=b) (p=b)+(p—c) (p-c)(p—a)

2 2
2p—(a+b) 2 b+c) 2p—-(c+a
2p-(a0) -(bee) 2p-(eva) |
, o 2 2 2
Bai toan duogc giai quyét xong. Dau bang xay rakhivachikhia=b=c=1.

Vi du 3.6: Cho a, b, ¢ 1a d6 dai ba canh cua mét tam giac va p 1a nira chu vi. Chirng minh rﬁng:

1 1 1 1 1 1
+ + 22—+ —+-—
p—-a p—-b p-c a b c

’ o Loi giai
Ap dung bat dang thirc Cauchy ta co




o)1) (b0 (p-o)r(p-a)

Vay bét dang thirc dugc ching minh. Ding thic x4y ra khi vachikhi a =b =c

Vidu 3.7: Cho a, b, ¢ 1a cic s6 thuc duong thoa mén ab + bc + ca = 1. Chimg minh ring:

10a? +10b* +c¢* > 4

’ o Loi giai
Ap dung bat dang thic Cauchy ta co:

2 2
8a2+c—22«/8a2-c— = 4ac
2 2
c’ c?
8b* + — > 2,/8b* - — = 4bc
2 2

2a% +2b? > 24/2a%.2b* = 4ab

Cong theo vé ba bt dang thirc trén ta co 10a” + 10b° + ¢* > 4 (ab + bc + ca) =4.1

ab+bc+ca=1

Péng thirc xdy ra khi va chi khi {8a? = 8b? = % N
2a’ = 2b? ¢

Nhén xét: Day la mot loi giai ngdn gon nhung co ve hoi thiéu tw nhién. Ching ta sé thdc mcfg: tai sao lai
tach dwoc 10=8+2. Néu tczch cach khac, chang han 10 =6+4 liéu co gidai dwoc khong? Tat nhién moi
cdach tach khac déu khéng dan dén ket qua, va tach 10 =8+ 2 ciing khong phdai la sw may man. Bdy gio ta

sé tim li do viéc tach 10 =8 + 2 ¢ bai toan trén.

Tir bat dang thirc can chieng minh ta thdy vai tro ciia a, b nhw nhau nén ta can chia déu c ra thanh

. . . c , .
hai phan va cing lay ra ka, kb dé ghép cap voi 3 Tiec la véi 0 <k <10. Ap dung bat dang thirc

Cauchy ta co:
o

ka* +3>2 ka*. — \/7ac

2

kb2+§ >9 b2C = \2kbe

(10— F)a? + (10~ k)2 2\/(10—k )a (10~ k)b* = (20 - 2k)ab

Céong theo vé 3 bat dding thirc trén, ta cé:

1002 + 10b% + ¢ > A2k (ac+bc) +(20 - 2k) ab

Luc nay ta can bang hé so dé lam xuat hién gia thiét, tuc la:

=4




k=8

V2k =20 -2k < 2k = 400 — 80k + 4k* <> 2k* — 41k +200 = 0 = L 25 0
=—>
2

Ta chon gid tri k = 8. Khi do ta cd loi gidi bai todn nhu trén.

Vi du 3.8: Cho a, b, ¢ 1a cac s6 thuc duong thoa man ab + bc + ca = 5. Chimg minh rang:
3a’ +3b* +¢* 210

’ o Loi gidi
Ap dung bat dang thirc Cauchy ta co:
2 2
222 + — >2,/2a. < = 2ac
2 2
2 2

b+ > 9,92 5 = 2he
2 2
a’+ b’ > 2va’.b? = 2ab
Cong theo vé ba bit ding thirc trén ta co:
3a’ +3b> +c* > 2(ab+bc+ca) =25=10
Ding thic xy rakhi vachikhi a=b=1c=2

Vi du 3.9: Cho a, b, ¢ 1a cac s6 thuc dwong thoa minab > 12, be > 8 . Ching minh rang:

a+b+c+2 L+i+i +i2£
ab bc ca) abc 12

Phén tich: Trudc hét ta du doan duoc dang thic ra tai a = 3,b = 4,¢ = 2, Khi d6 ta s& tach cac dai
luong bén vé trai va ap dung bat dang thirc Cauchy, chi ¥ 14 qua trinh ghép cip phai dam bao dau ding
thirc xay ra. V&i phan tich do ta thuc hién ghép cap nhu sau
2 1 2 2
—+i+£ > —; —+£+£2 §; 242055
ab 18 24 2 bc 16 8 4 ca 9 6
5b  Tc 2 2 2

. 9 )
Cong cac két qua trén ta dugc a +—+—+—+—+— > —, khi nay ta can phai chung
6 48 24 ab bc ca 4

. ba 43b 17c 8
minh dugc — + + +
6 48 24  abc

> ? Dé ¥ 1a néu bay gid ta ghép cip bon dai lugng trén thi s&

, e E L a n a s 8 \ \ \
khong bao toan dau dang thirc. Cho nén ta s€ ghép cap dé triét ti€u dai lwong —— trude, do do6 ta cod

abc
. ., 8 a b c_4 O £, 22 L , . £ , s
danh gia — + —+ — 4+ — = — . Cudi cung bat dang thirc s€ dugc chirng minh néu ta chi ra duogc chi ra
abc 9 12 6 3
13 13b 13 13
duoc 2 + + ¢ > .

18 16 24 2
Thyc hién ghép cadp tuong tg nhu cac vi du trén ta c6 cac danh gia sau

132 13b _ 13 13c 13b _ 13
>

> —; ——— > == cong theo vé hai danh gia d6 ta dugc diéu phai chirng minh.

18 24 3 24 48 6
’ o Loi giai
Ap dung bat dang thicc Cauchy ta c6

ab 18 24 2 bc 16 8 4 ca 9 6

8 a b c¢c_4 13a 13b _ 13 13¢ 13b _ 13

—_— ettt —F 22— —F— 22— —F— > —

abc 9 12 6 3 1 2 3 24 8 6




Cong timg vé cac bat dang thirc trén ta dugc
a+b+c+2 L+i+i +i>1+§ 1+é+E+E:£
ab bc ca) abc 2 4 3 3 6 12

Bét ding thirc duge chimg minh. Déng thirc xay ra khi vachikhia =3, b=4, ¢ =2.

Vi du 3.10: Cho a, b, ¢ 1a cac s6 thuc dwong. Chiing minh rang:

2la+b+c
[1+2]@+lq(1+£J22+—Lf———j
b C a dabe

Phin tich: Trudc hét ta viét lai bat dang thirc cAn chig minh thanh

+E+E+E+£+i>2@+b+q

a
b c a a b c 3abe

a+b+c a b

c
= + +
%/abc %/abc %/abc Q/abc
dang thirc Cauchy véi cac nhom

a aalfbbbjfeccec
b c a)la b c)la b c

a b ¢ b ¢ a 3la+b+c
Lucnéytadu’c_rc—+—+—+—+—+—+32M
c a a b ¢ Yabe

3la+b+c) 2la+b+c +b+ ,
( )2 ( )+3 hay arpre, 3. R& rang danh gia cudi cung luén

{/abe {/abe {/abe

dung theo bat dang thirc Cauchy.

Pé y bén vé phai ta viét dugc thanh . Do d6 ta nghi dén bat

. Phép ching minh sé& hoan tit néu

ta chi ra duoc

Loi giai
Bién d6i twrong duong bat dang thirc ta duoc

2(a+b+c 2(a+b+c
[1+%J(1+Ej(l+EJ22+g@i+h+£+h+£+i>g

c a Yabe b ¢ a a b ¢ 3¥abe

St dung bat dang thirc Cauchy, ta dugc

a ,a a_ da b b b, 3 c c c 3
b ¢ a abec a b ¢ Habc a b ¢ abe
Cong theo vé cac bat dang thirc trén ta dugc
a b ¢ b ¢ a 3<a+b+c)
—t+—+—+—+—+—+32———rn—"
b ¢ a a b c Yabe
Mit khéc, ciing theo bat dang thirc Cauchy ta lai c¢6
a+b+c>3%abc hay F
a b ¢ b ¢ a 3(a+b+c) (+b+c)
Suy ra —+—+—+—F+—+—+32 > +3
c a a b ¢ {fabe {fabe
b b 2(a+b+c
ey a,boc b o a atbre)

c a a b ¢ ¥abe

Vay bt déng thirc dugc chig minh. Dang thirc xay rakhi vachikhia=b=c =1.

‘ Vi du 3.11: Cho a, b, ¢ la cac s thuc duong thoéa man a + b + ¢ = 1. Ching minh ring:



b e Yabe s 10

c a b 9(a2+b2+c2)

. . . 1
Phén tich: Dé dang du doan dugc dang thirc xay ra tai a = b = ¢ = —. Theo mdt danh gia quen thudc ta

10 10 3
< =—. Nhu vay ta chi can chung minh

nhan thay 9(a2+b2+02) 3(a+b+c)2

a b ; 10 _, ) o NV : I
4=+ =+%abc > E Dé chimg minh duoc bt ding thirc d6 thi ta can triét tiéu duge ¥ abc , didu
c a

nay co nghia 1a ta can c6 mot danh gia kiéu abc + F 2 2\/_ cha ¥ dén dang thirc xay ra ta chon
ab

. b

thi ta can chung minh dugc a +— +E .

93/abc c a b {abe
. 3 a_a_ ¢ 3\/ 3a .

bé y rang —4+—+— ap dung ghép cdp tuong tu ta duogc

¢ c b be «’ab

8 a2 L
duge k = e Tuy nhién dé lam xuat hién

a b a+b+c
_+_

c
c a b \/abc \/abc

Pén day ta trinh bay lai 101 giai nhu sau

Loi giai

c 3\/7 3a

4 9 a
Theo bat dang thirc Cauchy ta c6 — + — 4+ — - ‘
¢ ¢ b Ybe  abe
b b ¢ 3b ¢ c a 3c

Ap dung tuong ty ta dugc — + — + — —+—+—2
a a b 3ape b b ¢ ¥abe
. . . a b c_a+b+c 1
Cong vé theo vé ba bat dang thuc tréntacdé —+ —+ — 2 =
c a b 3/ abc 3/ abc
O a b ¢ . 1
Do d6 ta dugc bt ding thic — + — + — + /abc > +/abc
c a b dabe
\ . 1 10
Ta can chirmg minh +3/abc >
Jabe 9(a2+b2+cz)

That vay, theo bat dfmg thirc Cauchy ta dugc

9\/ab -3

Maa+b+C:1,suyra\/3abCSlnén 8 >§
3 9¢abc 3
Do dé Al +3/abe = Al +3/abc + ‘8 Zz+§:E
abe 93/abc Rlabe 3 3 3

Mat khac, theo mdt danh gia quen thudc ta co
10 10 10

9(3,2 +b? +C2) 3(a+b+c)2

1 abe > 10

@Jr 9(a2+b2+c2)

Tur d6 ta duoc




L . 1
Vay bat dang thire dugc chirng minh. Pang thire xay ra khi vachikhi a =b =c = g .

Vi du 3.12: Cho a, b, ¢ la cac s thuc khéng am thoa man ab + be + ca > 0. Chimg minh ring:

\/a2+1 \/b2+1 \/c2+1
+ + >3
b+c c+a a+b

Phéan tich: Quan sat bit ddng thirc cin ching minh ta dé y dén danh gia a” + 1 > 2a, khi do ta dugc bat

dang thirc
\/aQ +1 \/b2 +1 \/CQ +1 \/ % \/ 2 \/ %
+ + > + +
b+c c+a a+b b+c c+a a+b
‘ 9 2 2 .
Nhur vay ta cin phai chimg minh\/ 2 \/ + \/ © >3, day 1a mét bit ding thirc nhin
b+c ct+a a+b

hinh thirc thi dep nhung dang tiéc né lai khong ding, ta co thé kiém tra voi a = b; ¢ = 0. Nhu vay danh

gia trén khong hiéu qua. . ) ) o o
D¢ y ta thay vé phai la hang s6 3, do d6 néu ta &p dung bat dang thirc Cauchy cho ba s0 vé trai thi
(a2 + 1) (b2 + 1)((:2 + 1)

khi d6 ta duoc 33

(b+c)(c+a)(a+b)

hon hodc bang 1 1 duoc. Didu nay c6 nghia 14 ta can chimg minh duoc
(a2 +1)(b2 -+ 1)((:2 +1) > (b + c)(c+ a)(a + b)
Chu y dén tinh d6i xtng trong bat dang thirc trén ta nghi dén danh gia
<a2 + 1)(b2 + 1) > (a + b)2

Day 1a mot dénh gia ding theo bat dang thirc Cauchy hodc Bunhiacopxki.
Loi giai

va nhu vay ta chi can chi ra dai lugng dudi dau can lon

Ap dung bt dang thirc Cauchy ta duoc

\/a2+1+\/b2+1+\/02+1> (a2+1)(b2+1)(c2+1)

b+c c+a a+b \ (b+c)(c+a)(a+b)

(a2 +1)(b2 +1)(c2 +1) .
(b+c)(c+a)<a+b)
Ha?/ A | (a2+1)(b2+1)(c2+1)2(b+c)(c+a)(a+b)

(af+1)(b2+1)2(a+b)2 < a’b’+a’+b*+1>a’>+b’+2ab < a’®* +12>2ab

Nhu vay ta can chimg minh dugc

Panh gia cudi ciing 1a mot danh gia ding theo bat dang thirc Cauchy
Ap dung tuog tu ta dugc (b2 + 1)((:2 + 1) > (b + 0)2 : (a,2 + 1)(c2 + 1) > (a + c)2
Nhin theo vé ba bat ding thirc trén ta dugc

(a2 +1)(b2 + 1)((:2 +1) > (b + c)(c+ a)(a + b)

Vay bai toan dugc ching minh xong. Dang thirc xdy ra khi vachikhia=b=c=1.

Vi du 3.13: Cho a, b, ¢ la cac s thuc duong théa man a + b + ¢ = 3. Chirng minh rang:




\/a+b \/b+c \/c+a
+ + >3
c+ab a+ bc b+ ca

Loi giai

Ap dung bat dang thirc Cauchy ta duogc
\/a+b +\/b+c +\/c+a 2?)i/\/ (a+b)(b+c)(0+a)
c+ab a+bc b +ca C+ab)(a+bc)<b+ca)
(a+b)(b+c)(c+a)
(c+ab)(a+bc)(b+ca)
Hay (a+b)<b+c)<c+a) (+ab)(a+bc)(b+ca)

That vay, ap dung bét ddng thirc Cauchy ta dugc

6
(2 +1) (b+ 1) (e 41 g(#j 61

Ta can chung minh

,\r/é ) 4(c+ab)(a+bc)£(c+ab+a+bc)2=(b+1)2(a+c)2
64(c-+ b (a-+ be) (bscaf <(as1f (be1) (e 5 1f (a s b) (bre) (c+a)
<64 (a+b) (b+c)z(c+a)2
Hay (a+b)(b+c)(c+a) (a+ab)(a+bc)(b+ca)

Vay bét dang thirc dugc ching minh. Dang thic xdyrakhi a =b =c =1.
Vi du 3.14: Cho a, b, ¢ 1a cac s thuc duong tiy y. Ching minh rang:

a’ +2b’ b* +2¢° ¢ +2a°
+ + >3
a’ +ab + bc b’ + bc + ca ¢ +ca+ab

Loi giai

Ap dung bt dang thirc Cauchy ta duoc
\/ a’ + 2b* +\/ b? + 2¢? +\/ c? +2a’
a?+ab + bc b? + be + ca ¢’ + ca +ab
2 2 2 2 2 2
a“ +2b° ) b* +2¢” )(c® + 2a
J 2 )b~ 20 (o o)

(a2 +ab + bc)(b2 + bc + ca)(c2 +ca + ab)

Ta can ching minh
<a2 +2b° ) <b2 +2¢” ) <02 + 2a2)

(a2 +ab+bc)(b2 +bc+ca)(02 +Ca+ab) =1

Hay (a2 +2b2)(b2 +2¢? )(c +2a’ ) (a +ab + bc)(b2 +bc + ca)(c2 +ca +ab)
That vay, ap dung bt dang thirc Bunhiacopxki ta dugc
(a2 +2b2)(b2 +2(:2) = (a2 +b? +b2)(b2 +c’ + c2) > (b2 +be + ac)2
(b2 +2(:2)(02 +2a2) = (b2 +c’ +c2)(02 +a’+a ) (c + ca +ab)2
((32 +2a2)(a2 +2b2) = (02 +a’+a )(a +b° +b2) (a +ab+bc)

Nhan theo vé cac bat dang thuc trén ta dugc bat ding thirc can chimg minh



Viy bat dang thirc duoc chimg minh. Pang thic xayrakhi a = b = c.

Vi du 3.15: Cho a, b, ¢ 14 cac s thuc duong tity y. Chimg minh ring:
(a2 + b2)<b2 + c2)<c2 + aQ)(a +b+ c)2 > S(afb2 + b’ + (:233)2

Loi giai
Pit x = a’; y = b*; z = ¢*. Khi d6 bat dang thirc can ching minh tré thanh

(X+y)(y+z)(z+x)(\/;+\/;+\/;)z > 8(Xy+yz+zx)2

. L 4
Ap dung bat dang thitc Cauchy ta dugc X +y > 24Xy <> 24/xy 2 =

X+y

. 4 4 4
Ap dung tuong tu dugc 24Xy +24yZ + 2V zx > Xy o oyE o
X+y y+z z+X

Do d6 ta duoc (\/;+\/;+\/;)2 2(X+y+z)+ Axy n 4yz n 4zx
X+y y+z z+X

Nhu vay ta duoc
(s 3)(y+2) () (Vo ol +4)
dxy  4yz 4zx }

Z(X+y)(y+z)(z+x) <X+Y+Z)+X+y+y+z+z+x

Ta can chung minh

(X+y)(y+z)(z+x)[(x+y+z)+ by , bys 4ZX}8(Xy+yz+zx)2

Xx+y y+z z+X
Hay

(X+y)(y+z)(z+x)|:(x+y+z)+ jiyy + ;ZZZ + Z4ii:|—8(xy+yz+zx)2 >0

Hay xy (X — y)2 +yz (y - z)2 +zx (z - x>2 > 0, bat dang thirc cudi cling ding.

Vay bét dang thirc ban dau duoc ching minh. Diu ding thirc xdy rataia =b =c.

Vi du 3.16: Cho a, b, ¢ 14 cac sd thuc duong tiry y. Chimg minh rang:
(1 +a3)<1+ b3)(1 + c3) > (1+ abQ)(l +bc2)(1+ca2)

Phan tich: Quan sat dai lugng (1 +a’ ) (1 +b’ ) (1 + 03) ta lién tuong dén bat dang thic di dugc chung

minh (1 + X?’)(l + y?’)(l + 23) > (1 + Xyz)3 , tuy nhién d¢ y cac dai luong bén vé phai thi ta ap dung
bat dang thirc trén kiéu nhu
<1+a3)(1+b3)(1+ b3) > (1+ab2)3.
Loi giai
Trudc hét ta chimg minh bat dang thic sau: V&i moi s6 thue duong x, y, z ta co
(1+ X3)<1+ y3)(1+z3) > (1+ Xyz)3

That vay, bat dang thirc tuong dwong véi

1+x° +y° +2° + X%y +y°2° +2°%%° + X’y > 1+ 3xyz + 3x%y’7" + x°y’7’
Hay X +y* +72° + X%y + v+ 2% > 3xyz + 3x%y’7
Ap dung bt dang thirc Cauchy ta duoc




x’ +y°* +72° > 3xyz; X’y +y°2’ +2°x° > 3x°y7’

Cong theo vé cac bat dang thirc trén ta dugc
2_2_2

X +y' +72° + X’y + 7 +2°%” > 3xyz + 3x%y’z
Vay bt dang thuc trén dugc ching minh. Ap dung bét dang thirc trén ta duoc
(1+ a3)(1+ b3)(1+ b3) > (1+ abQ)3
(1 + bS)(l + c3)(1 + 03) > (1 + ch)g
(1+ cg)(1+ a3)(1 +a3) > (1+ ca2)3
Nhan timg vé cta ba bat dang thic trén ta dugc

(1 +a3)<1+b3)(1 + 03) > (1+ abQ)(l +b02)(1+ca2)
Vay bt dang thiic dugc chiing minh. Dang thirc xay ra khi va chi khia = b = c.

Vi du 3.17: Cho a, b, ¢ 1a 6 dai ba canh ctia mot tam giac. Chiing minh rang:

(a+b—c)3+(b+c—a)3+(c+a—b)3 >a’+b’ +¢’

Phin tich: Dé ¥ ta thiy (a +b - c) + (b +c— a,) = 2b, nhu vdy néu ta ching minh dugc danh gia
3 3 3 . . .
(a +b- c) + (b +c— a) > k[(a +b- c) + (b +c— a)} thi bai toan c6 co hdi duge chirmg minh.

Chu y dén dang thirc xdy ra tai a = b = ¢ ta chon dugc k = — . Bé 4p dung cho cac truong hop khac ta

| =

quy vé chimg minh b6 dé:

3
(X + y)
4 2 4 . N 14 2 2
Day la mot bat dang thire ding va dugc ching minh bang phép bién doi twong duong dong thoi
su dung bat dang thirc Cauchy.

Véimoi x; y >0taco x* +y° >

Loi giai
3
s (xy)
Bo dé: Véimoix,y>0,taco X" +y ZT
Chirng minh: Do x® + y3 = (X + y) <X2 - Xy + y2) nén b dé trén trong duong véi
2
) ,_(x+v)
X' —Xy+ty 22—+
4
2
» ) (x+y)
Str dung bat dang thirc Cauchy hai s6 dang xy < , ta duoc
2 2
9 9 2 2 (X + y) (X + y)
X —Xy+y =(x+ —-3xy =2 (x+ -3- =
yt+y ( Y) y ( Y) 1 1

Bé dé duoc ching minh.
bé y rang a, b, ¢ 1a ba canh cua tam giac thi hién nhién ta co:
a+b-c>0,b+c—-a>0,c+a—-b>0

Ap dung b6 dé, ta co:




- -3
(8u+b—c)3+(b+c—a)3 > _(a+b—c)+4(b+c—a)_ = 2b’

- 13
(b+c—a)3+(c+a—b)3 > _(b+c—a)+(c+a—b)_ =2¢*

(c+a—b)3+(a+b—c)3 = 2a°

\Y%
T
1

Cong ba bét déng thuc trén lai vé theo ta duge
3 3 3
(a+b—c) +(b+c—a) +(c+a—b) >a’ +b’+¢’

Vay bét dang thirc dugc ching minh xong. Pang thirc xdy ra khi vachikhia =b =c.

. 1 1 1 .
Vidu 3.18: Cho cac so thuc a, b, ¢ > 2 théoa mdn — + — + — = 1. Chirng minh rang :

a b ¢
(a-2)(b-2)(c-2)<1
Loi giai
bita=x+2b=y+2c=2z+2vdix,y,z>0.Taco:
. , .y e e . N 1 1 \ A < ’ A ’ 3
Khi d6 gia thiét dugc viét lai thanh + =1 va bat dang thirc can chung minh

x+2 y+2 z+2
duoc viét lai thanh xyz < 1.
Bién d6i gia thiét 4p dung bat dang thirc Cauchy ta dugc

1_1_1_1_1_1+1_1
zZ+2 xX+2 y+2 2 x+2 2 y+2

_ X n y > Xy
2(x+2) 2(y+2) \(x+2)(v+2)
1 zZx 1 VZ
Tt e e ) (x+2) x+2 \(y+2)(z+2)
Nhan ba bat dang thtrc trén theo vé, ta dugc
L i =>xyz <1

cr2)(y+2)(z+2) (x+2)(y+2)(z+2)

Bét dang thirc dugc ching minh. Dang thirc xdy ra khi vachikhia =b =c = 3.

Vi du 3.19: Cho a, b, ¢ cac sé thuc duong bt ki. Chimg minh rang :
1 1 1 1 1 1
+ + < + +
a+2b+c b+2c+a c+2a+b a+3b b+3c c+3a

.Péy la

L . 1 1 4
Phan tich: Bat dang thic lam ta lién tuong dén danh gia quen thuoc —+ — =
X y X4y

(a+3b)+(b+2c+a) = 2(a+2b+c) nén rat ty nhién ta nghi dén danh gia
1 1 4 2
+ > =
a+3b b+2c+a (a+3b)+(b+2€+a) a+2b+c

Loi giai

. L e 1 1
Ap dung bat dang thic Cauchy dang — + — = ta co

X y X+y




1 1 4 2
+ > =
a+3b b+2c+a (a+3b)+ b+2€+a) a+2b+c
1 1 2
>

+ > =
b+3c c+2a+b (b+3c)+<c+2a+b) b+2c+a

1 N 1 > _ 2
c+3a a+2b+c (c+3a) (a+2b+c) c+2a+Db

—

W

Cong vé vai vé cac bat dang thirc trén va rat gon ta duoc
1 1 1 1 1 1
+ + < + +
a+2b+c b+2c+a c+2a+b a+3b b+3c c+3a

a+3b=b+2c+a
Ding thirc xay ra khi vachikhi {b+3c=c+2a+b < a=b=c
c+3a=a+2b+c

4. Ky thuat thém bét

Néu ¢ cac k¥ thuat trén, ta dugc rén luyén thoi quen dinh huéng dua vao bé ngoai ciia mdt bai toan.
Thi tir day ta bat dau gip nhitng 16p bat dang thirc phong pht hon — nhitng bt ding thire ma 10i giai cho
chung luén doi hoi mot tAm nhin bao quat ciing nhu su dot pha ¥ tuong. K¥ thuat thém bét 1a mot minh
chimg 16 rang nhét cho 16i tu duy sir dung nhiing “yéu té bén ngoai” trong viéc giai quyét van de.

Ngay tir ddy chung ta s& bat ¢au lam quen voi k¥ thuat nay voi nhimg vi du ma cach danh gia n6
twong d6i da dang.

Vi du 4.1: Cho a, b, ¢ 1a c4c s6 thuc dwong. Ching minh rang:
2 ‘b2 2
22 +S>a+b+e
b ¢ a

Phan tich: Bat ding thuc trén di duoc chimg minh bang phép bién doi twong duong va ciing cd thé
chirng minh bang cach sir dung bét dang thirc Bunhiacopxki dang phan thirc. Tuy nhién bay gio ta s€ ap
dung ngay bat dang thirc Cauchy dé ching minh bai toan. Dé dang nhén ra khong thé sir dung truc tiép
bat dang thie Cauchy ciing khong thé sir dung ki thuat ghép d6i xtimg dé giai quyét bai toan. Ta dy doan

2 2 2

2 LR . T U TR S . a A LA A 1o g oas
dang thirc xay ra tai a = b = c¢. Bén vé trai xuat hién cac dai lugng —; —; — va bén vé phai co6 dai
c a

luong a + b + ¢, chil y dén ddu dang thic xdy ra ta nghi dén sir dung bat dang thirc Cauchy cho cac cip

sau
2 2 2
b* ¢
—, b ,cl;l—, a
b’ ¢ a
Pé sir dung bat dang thirc Cauchy cho cac cip trén, trude hét ta can phai thém vao vé trai mot tong

a + b + ¢ 10i moi tién hanh ghép theo cap.

Loi giai
Ap dung bat dang thirc Cauchy cho céac s6 duong ta co
2 2 2
a b ¢
—+b>2a; —+c2>2b; —+a>2c
b ¢ a
Cong theo ve ba bat dang thirc trén ta dugc
2 2 2 2 2 2
a c a~ b ¢
—+b+—+4+c+—+a22a+2b+2c=> —+—+—2a+b+c
¢ a b ¢ a

Bai toan dugc chimg minh xong. Dau dang thirc xdy rakhivachikhia=b=c

Vi du 4.2: Cho a, b, ¢ 1a céc sd thuc duong. Chirg minh rang;




a’ b? c’ a+b+c
+ + >
b+¢c a+c¢c b+a 2

Phin tich: Ap dung y twong nhu trén, tuy nhién ¢ ddy ta can triét tiéu b + ¢ ¢ duéi mau nén ta thém cho
2

. C o e . . R . .
- mot sO va cha y dén dau dang thirc xay ra tai a = b = ¢ nén ta tim dugc k = 4. Do d6 ta
+cC
c6 101 giai nhu sau.
Loi giai
Ap dung bat dang thirc Cauchy cho céc s6 duong ta co
2 2 2
a b+c b c+a ¢ a+b
+ > a; + > b; + >c
b+c 4 c+a 4 a+b 4

Cong theo vé cac bat dang thirc trén ta duoc
a’ b+c b’ c+a c’ a+b
+ + + + +
b+c 4 c+a 4 a+b 4
a’ b c’ a+b+c
- - >
b+c c+a a+b 2
Bai toan dugc chirng minh xong. Dau dang thirc xay ra khi va chikhi a = b =c¢

>a+b+c

Suy ra

Vi du 4.3: Cho a, b, ¢ 1a céc sd thuc duong thoéa man abc = 1. Chimg minh rang:
aS b3 CS 3
(0)(1+0) (1+c)(iva) (1+a)(ieb) 4

Phén tich: Quan sat bt dang thirc ta nhan thdy c6 thé chimg minh duoc bai toan theo ¥ twdng nhu trén,
nhung ta can tra 161 duoc cac cau hoi dit ra 1a

- Ap dung bt dang thic Cauchy cho may sd?

- Céc dai luong dugc thém vao c6 dang nhu thé nao?

3

thém vao can triét tiéu duoe tich (b+1)(c+1) ¢ duéi mau, do do ta nghi dén céc dai lwong kiéu

Dé y dén dai luong ta thiy nén ap dung bt dang thirc cho ba s6, khi d6 dai luong

b+1 c+1
k 'k

a’ _b+1 c+1
(14—b)(14—c)-_ ko

v6i k 1a mot sé duong nao d6. Chu ¥ dén déu dang thirc xdy ratai a = b = ¢ =1, khi d6

s€ cho ta k = 4. Vi vay ta c6 ching minh sau
o Loi giai
Ap dung bat dang thirc Cauchy ta co:
a’ 1+b 1+c a’ 1+b 1+c
+ + >3, . .
(1+Db)(1+c) 8 8 (1+Db)(1+c) 8 8
Ap dung tuong tu ta duoc
b’ l+c 14+a _3 c’ 1+a 14+b _ 3
+ + > —

3
=—a
4

(1+c)(1+a)+ s 8 4 (1+a)(1+b) 8 8 40
Cong theo vé cac bat dang thirc ta duoc
& + b + ¢ +l@+b+cy¢§2§@+b+ﬂ
(14—b)(14-c) (14—0)(1+—a) (14—&)(14—b) 4 4 4




o (1+b?(1+c)+(1+c)(1+a)*(1+a§(1+b)25(“‘”0)‘1

Ap dung bt dang thirc Cauchy két hop vai gia thiét abe = 1, ta lai ¢6

l(a+b+c)—§2§3abc—§=§
2 4 2 4
a’ b’ c’

3
Suy ra >
Y 1

(L+b)(1+c) (1+c)(1+a) (1+a)(1+D)

Bai toan dugc chimg minh xong. Dau dang thirc xdy rakhi vachikhia=b=c=1.

Vi du 4.4: Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc = 1. Ching minh rang:
3 3 3
b
a + +— >1
b(c+2) c<a+2) a(b+2)

Phén tich: D& dang du doan dugc dang thirc xdy ra tai a = b = ¢ = 1, khi d6 ta chu y dén danh gia sau

a’ b c+2 .
——+—+ > a va ap dung tuong tuy.
b(c+2) 3
o ) Loi giai
Ap dung bt dang thirc Cauchy cho ba s duong ta duoc
a’ b c+2 b’ c a+2 c’ a b+2
+ -4 >a; ———+—+ > b; +—+ >c
b(c+2) 3 9 c(a+2) 3 9 a(b+2) 3 9
Cong theo vé cac bat dang thirc trén ta dugc
a’ b c’ a+b+c a+b+c+6
+ + + + >a+b+c
b(c+2) c(a+2) a(b+2) 3 9
a’ b? c? 5(a+b+c> 2
= + + > -=
b(c+2) c(a+2) a(b+2) 9 3

Mit khéc theo bat ding thirc Cauchy ta c6 a + b + ¢ > 33/abc = 3. Do d6
a’ b c’ 5.3 2

+ + >0 2o
b(c+2) c(a+2) a(b+2) 9 3

Bit ding thirc duge chimg minh. D4u déng thirc xdy rakhi vachikhia=b=c =1.

1

Vi du 4.5: Cho a, b, ¢ d0 dai ba canh cia mot tam giac thoa man a +b +c = 3. Chimg minh rang:

(a+b—c) +(c+a—b) +(b+c—a) -
3¢ 3b 3a

Phin tich: D& dang du doan duogc dang thirc xdy ratai a = b = ¢ = 1, khi d6 ta cha y dén danh gia sau

+—+—-—2=3 -—-— >a+b—c vadap dung tuong tu.
3¢ 3 3 3¢

) o ) Loi giai
Ap dung bat dang thuc Cauchy cho ba s6 duong ta dugc




a+b-c)
L————l+£+12a+b—c
3c \ 3 3
c+a—b
L————l+h+12c+a—b
3b \ 3 3
b+c—a
L————l+3+12b+c—a
’ o 3a 3 3
Cong theo vé ba bat dang thure trén ta dugc
a+b—c3 c+a—b3 btc—a)
( ) +( ) +( ) 2a+b+c—3iﬁi£—1:1
3c 3b 3a 3

Viy bai toan dugc ching minh xong.

Vi du 4.6: Cho a, b, ¢ 1a céc sd thuc duong. Chirng minh rang
b*c N c’a N a’b S (1 N 1.1
a3(b—%c) b3(c4—a) cs(aA—b)__2

a b ¢
Phin tich: Dé dang duy dodn dugc dang thirc xdy ra tai a = b = ¢, khi d6 ta chu y dén danh gia

b’c b+c 1 b’c b+c 1 .,
[ + +— = 35/— . -— = — va ap dung tuong tu.
a’ (b + c) 4bc  2b a’ (b + c) 4bc 2b  2a

o ) Loi giai
Ap dung bit dang thirc Cauchy cho ba sé duong
b’*c b+c 1 b*c b+c 1 3
+ +— 2> 3; . e =
a’(b+c) 4bc  2b a’(b+c) 4bc 2b  2a

2

) c’a 3 3 1 a’b 3 3 1
Tuongtytac6 —/——2 ————— 2 —— —
b*(c+a) 2b dc 4a’ c’(a+b) 2¢ 4a 4b

Cong theo vé ba bit ding thirc trén ta duoc

bc ’a a’b (3 3 1](1 1 1)_ 1(1 1 1)
: - + > =—-=—-= St =2 4
a3<b+c) b3(0+a) 03(a+b) 2 4 4)la b c¢c) 2a b c

Bét dang thirc dugc ching minh. Dau dang thirc xidy rakhi a = b = c.

Vidu 4.7: Cho a, b, ¢ 1a céc so thuc duong tuy y. Chirng minh rang:
a’ b* c?
+ + >a+—
b(c+a) c(a+b) b+c 2

Phin tich: Bit ding thirc can ching minh c6 hinh thirc khac so vdi cac vi du trén, tuy nhién dang thirc
van xay ra tai a = b = c¢. D€ y hai dai lugng dau ta sir dung cach thém — bét nhu cac vi du trén thi duoc

3 3
b + b +b
a—-q-—+C a2§a; +£+a Zﬁb khi do ta duoc
blc+ta) 2 4 2 cla+b) 2 4 2
3 3 2 2
2 + b + ¢ > ¢ +a +&—§ va ta can phai ching minh dugc
t%c+a) c(a+b) b+c b+c 4 4
2 2
b b b+ . o
€ ha+ 2 s Dy PO o dinh gia cudi cung luon ding theo bit ding
b+c 4 4 2 b+c

thirc Cauchy.




o ) Loi giai
Ap dung bat dang thic Cauchy cho cac s6 duong ta dugc
3 3 2
a b c+a23a’ b c a+b23; ¢ +b+C2c
b(c+a) 2 4 2 c(a+b) 2 4 2 b+c 4
Cong theo vé cac bat dang thirc trén ta duoc
3 3 2
b
a + + 2 +E+b+cz§a+§b+c
b(c+a) c(a+b) b+c 2 2 2
a’ b? c?
& + + >a+—
b(c+a) c(a+b) b+c 2

Bét dang thirc dugc chirg minh. Dau dang thirc xdyrakhia =b =c.

Vi du 4.8: Cho a, b, ¢ 1a cac s6 thuc dwong tiy y. Ching minh rang:
2 2 2
b
2D s a?—ab+b? + Vb —betc? 44 —ca+a’
c a

Phén tich: Dy doan ding thirc xdy ra tai a = b = ¢, quan sat bat ding thic ta nhan thay bén trai co dai
2

luong % va vé phai lai chita +a’—ab+b”, do d6 d s dung bit ding thic Cauchy dang

X +y > 24Xy ta cdn lam xuit hién dai luong a® —ab+Db’, do d6 ta dé y dén phép bién ddi

2 2 2 2

a’~ a a-—ab+b L s .

Fzg—a+b+a—b=T+a—b,h’lcnéychﬁydéndéudéngthl'rcxéyratacc')dénh
2 2

., a —ab+b .

gia T+b22 a’ —ab + b” . Ap dung hoan toan tuong tu ta dugc

2 2 2
8L€+b—+C—+a+b+c22\/&2—aub+b2 +2\/b2—bc+c2 +2\/C2—Ca+a2
c a

Phép chimg minh s& hoan tt néu ta chi ra dugc mot trong hai kha ning sau

al b al bt &
2l —+—+—|2—+—+—+a+b+c
b c a C a

\/&2—ab+b2+\/b2—bc+c2 —i—\/cQ—ca+a2 >a+b+c
2 2 2

Dé y ta nhan thay % +—+— >a+b+c do d6 kha niang thi nhat luén ding. Nhu vay bai toan duoc

c a
chung minh.
Loi giai
2 2 2 2
a a a~—ab+b
Ta co F=F—a+b+a—b=—+a—b,tu’0ngtu’taduqc

a’ b 02_af—aub+b2+b2—bc+c?+c2—ca+a2
b C a b C a
Theo bat dang thuc Cauchy ta dugc

2 2
m+b22\/a2—ab+b2

b

b®> —bc + ¢

- 4ce>2b'—bc+c?
c

¢ —ca+a’

+a>2Vc’—ca+a’
a




2 2 2

Suy ra 8%+b—+C——i—au+b+c22\/&2—aub+b2 —i—2\/b2—bc+c2 +2\/(:2—(:au+8u2
c a

2 2 2 2 2 2
. b b
Ta can ching minh duge 2 D 22 S rarbre
b ¢ a b ¢ a

2 2 2

Hay 8L—+b—+c—2a+b+c

b ¢ a

Bét dang thire cudi ciing chinh 14 bat dang thirc trong vi du 1.
Vay bai toan dugc chung minh xong.
Nhdén xét: Tu nhitng vi du trén ta da thdy duoc sy hiéu qua cua ky thudt thém - bot trong chirng minh bat
ddang thirc. Tuy nhién khéng phdi véi bt dang thire nao ciing cé thé lam dwoc theo cach nhw trén, ma déi
khi ta can phdi thue hién viéc bién doi tuong bat dcfng thire trude réi méi thue hién thém bét. Dudi day la
mot s6 vi du nhie vay.

Vi du 4.9: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chimg minh rang:
a b ¢ a b ¢
+ + > + +
b+c c+a a+b a+b b+c a+c

Phan tich: Nhan thay ta chua thé sir dung bat dang thirc Cauchy dé danh gia ngay bat dang thirc trén, do

a—-b b-c c—a
+ +

d6 ta can bién doi bat dang thic thanh > (), dén day ta cling chua thé ap dung

b+c c+a a+b
duoc bat dang thire Cauchy. Bay gio ta can tim cach loai di cac dau trir mai cé thé ap dung duoc, d€ y dén
a—b c+a
+1=

lac nay ta c6 thé ap dung duoc bat ding thirc Cauchy.
b+c b+c

Loi giai
Bat dang thurc can ching minh cé thé viét lai thanh

a—-b b-c c-a
+ + >0
b+¢c c¢c+a a+b

a—b c+a b-c a+b c—a b+c
+1= , +1= ) +1=
b+c b+c¢c c+a c+a a+b a+b
Vay sau khi thém bét nhu vay, ta da quy bai toan vé chirng minh.

a+b c¢c+a b+c
+ +

Pé y ring

>3
c+a b+c a+b

Mit khac bat ding thirc nay hién nhién dung vi

a+b+c+a+b+c >3#a+b c+a b+c _ 3

c+a b+c a+b Vc+a b+c a+b
Phép chimg minh hoan tit. Ddu déng thic xay rakhivachikhia=b =c.

Vi du 4.10: Cho a, b, ¢ 14 cac s6 duong thoéa man a + b + ¢ = 3. Chirng minh rang :

\/g+\/g+\/52ab+bc+ca

Loi giai
Str dung k¥ thuat thém bot ta ¢ bat dang thire tuong duong voi

2(\/;+\/E+\E)22(ab+bc+ca)
<:>(ag+b2+02)+2(\/g+\/g+\/2)2(a2+b2+02)+2(ab+bc+ca)
<:>(a2+b2+c2)+2(\/;+\/g+\/g)2(a+b+c)2 >9
Vay ta can chimg minh: a2+b2+02+2(6+£+&)29

Hay la (32+J;+\/;)+(b2+£+£)+(62+JZ+JZ)29




Diéu nay hién nhién ding vi theo bit ding thirc Cauchy bo ba sb ta co

a’ +\/; + \/g > 3\3/a2.\/;.\/7 = 3a
b2 + b + b > 3> balb = 3b
c’ +\/g +\/g > 3\3/02.\/2.\/7 = 3c

Bai toan dugc giai quyét. Bat dang thic xdy rakhi vachikhia=b=c=1

Vi du 4.11: Cho a, b, ¢ 1a cac s6 duong thoa man a + b + ¢ > 3. Ching minh rang :
2 2 2
a b 3

c
+ + > 2
a+vbc b+vea c++ab 2

Phan tich: Diu ddng thirc xdy ra tai a = b = ¢ = 1. Quan sat bat ding thuc thi diéu dau tién 1a st dung
bat dang thirc Bunhiacopxki dang phan thirc. Tuy nhién ta xem c6 thé st dung bat dang thirc Cauchy
duoc khong? Nhéan théy dudi cac mau co chira can bac hai va ta tim cach khir can trudc.

Chi y dén chidu bit ding thuc ta co danh gia 2Vbc <b+c, khi d6 ta duoc

2 2
2 L.
a > a , hoan toan tuong ty ta dugc bat dang thire
a++bec 2a+b+c
a’ b ¢’ 2a’ 2b° 2¢’
+ + > + +
a++vbec b++ca c++ab 2a+b+c 2b+c+a 2c+a+b
2 2 2
Ta can chi ra duoc 2a + 2b + 2 > §
2a+b+c 2b+c+a 2c+a+b 2

2a° 2a+b+c
+

Dé ¥ dén danh gia > a, 4p dung twong tu ta dugc bat dang thirc
2a+b+c 8
2 2 2
2a N 2b N 2c Za+b+cZ§
2a+b+c 2b+c+a 2c+a+b 2 2

Dén day bai toan duoc chimg minh xong.
Loi giai
a’ S 2a°
at+be 2a+b+c

Ap dung bat dang thie Cauchy ta dugc2vbe < b + ¢ suy ra

Ap dung twong tu ta dwoc bat dang thic

a’ b’ c? 2a’ 2b° 2¢?
+ + > + +
a++vbe b++ca c++ab 2a+b+c 2b+c+a 2c+a+b
2a° 2b’ 2¢”

3
+ + > —, that vay
2a+b+c 2b+c+a 2c+a+b 2

Ap dung bét dang thirc Cauchy ta lai co

Ta can chung minh duoc

2a° 2a+b+c 2b* 2b+c+a 2¢? 2c+a+b
+ > a; + > b + >
2a+b+c ’ 78 2b+c+a 8 2c+a+b 8
Cong theo veé cac bat dang thic trén ta dugc
2a° 2b? 2¢? a+b+c_ 3
+ + > > —
2a+b+c 2b+c+a 2c+a+b 2 2

Vay bt ding thirc dugc chirg minh xong.

Vi du 4.12: Cho a, b, ¢ 1a cac s6 duong thoa man a + b + ¢ > 3. Ching minh rang :
3 3 3
b

a c
+ + >
a+x/§ b+\/a c+\/£

DO | o

Loi giai




3 3
a 2a
>

a++be 2a+b+c

Ap dung bt dang thirc Cauchy ta dugc 24/be < b +c suy ra

Ap dung tuong ty ta dugc bét dang thirc

a’ b? c? 2a 2b* 2¢?
- - > + -
a++vbc b++ca c++ab 2a+b+c 2b+c+a 2c+a+b
. 2a° 2b° 2c?
Ta can chung minh duoc 2 + + ¢ > —, that vay
2a+b+c 2b+c+a 2c+a+b 2

Ap dung bét dang thirc Cauchy ta lai co
2a° a (2a +b+ c)

+ > a”
2a+b+c 8
3 b(2b+c+a
2b + ( ) > b?
2b+c+a 8
3 cl2c+a+b
2 + ( )2(32
) o 2c+a+b 8
Cong theo vé cac bat dang thirc trén ta duoc
3 3 3 2 2 2
2a N 2b N 2c L2 +b” +c +ab+bc+caZELQerQJrc2
2a+b+c 2b+c+a 2c+a+b
99 9h3 963 3(&2 +Db* + 02) - (ab +bec + ca)
Hay + + >
2a+b+c 2b+c+a 2c+a+b 4
3(a2+b2+62)—(ab+bc+ca)

. . _ 3
Chung minh s€ hoan tat néu ta chi ra dugc > 5

4
That vay, tir gia thiéttacé a’ +b° + ¢ >3 vaa’+b° +¢” > ab+bc+ca
3(&1,2 +b? +c2)—(ab+bc+ca) Q(a2 +b? +c2)
Do d6 suy ra > > 2
4 4 2
Vay bat dang thurc dugc chung minh xong.

Vi du 4.13: Cho a, b, ¢ 1a cic s6 duong thoa man a + b + ¢ = 3. Ching minh rang :
ala—2b+c) b(b—-2c+a) c(c—2a+b
(a-2b+c) blb-2c+a) c(e-2-+b)

ab+1 bc +1 ca+1

>0

Phén tich: bé ap dung bat dang thirc Cauchy ta can phai biér} do6i ba”i"t déng thire trén sao cho vé phai 1a
mot s0 khac khong, dicu nay lam ta nghi dén cong vao hai vé ctia bat dang thirc voi mot so duong nao
do?
. ) a(a—2b+c) a(3—3b) 3a — 3ab . o
bé y ta thay = = , khi d6 @€ lam mat dau tur ta cong thém 3
ab+1 ab+1 ab+1
3a — 3ab 3a+3
+3 =
ab+1 ab+1
a+l b+l c+1
+ +

ab+1 bc+1l ca+1
atl b+l e+l o (a+1)(b+1)(c+1)
ab+1 bc+1 ca+l (ab+1)(bc+1)(ca+1)

Phép chirng minh s& hoan tat néu ta chi ra dugc

(a+1)(b+1)<c+1) > (ab+1)<bc+1)<ca+l)

thi  duoc , thuc hién tuong tu ta duoc bat déng thirc

> 3. Dén déy ta 4p dung bat dang thirc Cauchy thi dugc




Dén day ta bién ddi trong duong dbi twong dwong thi duoc
(a+1)(b+1)<c+1) > (ab+1)(bc+1)(ca+l)
< abc+a+b+c+1>a’b’c? +abc(a+b+c)+1
& abc(l—abc)+a+b+c(1—abc)2 0

Bét dang thie cudi cing luén ding do abe < 1. Pén day ta trinh bay lai 10 giai nhu sau

Loi giai
) . ala—-2b+c) a(3-3b) 345-3ab o .
bé y ta thay ( ): ( ): a2 , ap dung tuong ty ta dugc bat dang thuc can

ab+1 ab+1 ab+1
chitng minh I3 3a—3ab+3b—3bc+3(:—3ca20

ab+1 bc+1 ca+1
P —3ab b-3b -
Bat dang thuc trén twong duong véi da = 3a + +3 5 C+3+M+329
ab+1 bc+1 ca+1

a+1 b+1 c+1
’ o ab+1+bc+1+ca+123
Ap dung bat dang thirc Cauchy ta dugc
atl b+l e+l o (a+1)(b+1)(c+1)
ab+1 bc+1 ca+1 (ab+1)(bc+1)(ca+1)
Phép chirng minh s& hoan tat néu ta chi ra dugc
(a+1)(b+1)(c+1)Z(ab+1)(bc+1)(ca+1)
Pén day ta bién doi tuong dwong d6i twong duong thi dugc
(a+1)(b+1)(c+1)2(ab+1)(bc+1)(ca+1)
<:>abc+a+b+c+12a2b2c2+abc(a+b+c)+1
<:>abc(l—abc)+(a+b+c)(1—abc)2()

Hay

Theo bét dang thirc Cauchy tacé 3 = a+b +c > 3%/abc suyra abc <1
Do vay bat dang thirc cudi cung ludn diing. Vay bai toan duoc chimg minh xong.
Nhén xét: Thong qua cdc vi du trén ta nhdn thdy dwoc hiéu qua ciia ki thudt thém - bot trong bat dang
thuee Cauchy
- Bt dang thirc Cauchy cé thé giip ta loai b6 cdc rdo can nhir cac can thire, cdc iy thira bdc
cao, ... ‘
- Kithudt thém - bét ¢é thé givp ta doi ximg héa bat dang thirc ciing nhw cdc danh gia hop i trong
qua trinh tim loi giai.
- Chity dén diém roi gitip ta bao toan ddau dang thirc trong chudi danh gid.
Sau ddy la mjt 56 vi du khdc

Vi du 4.14: Cho a, b, ¢ 14 cac s6 duong théa man ab + bc + ca = 2abc. Ching minh rang :

1 1 1 1
2 T 2 T 725
a(2a-1) b(2b-1) c(2-1) 2
Loi giai
NP 1 1 1
Tur gia thiét ab + bc + ca = 2abc suyra —+ —+— = 2.
a b c
Détle; y:l' z:l,khid()tacé X+y+z=2.

)
a b C




, ” X . X
Bat dang thuc dugc viét lai la >+ + >

1
H > =
Y (oo) (zex) (xev) 2

Ap dung bt dang thirc Cauchy ta duoc

X y+z y+z>3_x
<y+z)2 8 8§ 4
v z+x z+x 3y
<z+x)2 8 8 4
7z’ +X+y X+y2%
<X+y)2 8 8 4
Cong theo vé cac bat dang thirc trén ta duoc
x” N v’ N z’ +X+y+Z23(X+y+Z)
(y+z)2 (z+x)2 (x+y)2 2 24
3 3 3
H X y zZ 2X+y+z:l
® (eo) (eex) (xey) 42

3

Vay bt dang thirc duge chimg minh. Dang thirc xay ra khi vachikhi a=b =c =

Vi du 4.15: Cho a, b, ¢ 1a cac s6 thuc khong am trong d6 khong c6 hai s6 nao co tong bang 0. Ching
minh rang :

>4

\/bQ—bC+C2 +\/02—ca+a2 _|_\/a2—ab+b2 +2(ab+bc+ca>
a’ +bc b® + ca ¢’ +ab a’+b*+¢?

Phin tich: Bat dang thirc co dau dang thirc xay ra tai a = b;c = 0 va cac hoan vi ciia no, nhu vay két
hop vé&i gia thiét ta c6 thé xét hai truong hop. Tuy nhién dé y biéu thic trong cin ta nhan thiy

a’+bc+b’—bc+c®=a’+b’+c® va dé y dén chibu cia bit ding thic ta c6 danh gia

2\/(3,2 + bc)(b2 —bec+ CQ) <a’+Db®+c’. Khi do ta duge

\/m_ b’ —bc+c’ >2(b2—bc+c2)
a’ +bc _\/(a2+bc)(b2—bc+02)_ a’+b’ +c’

bén day ap dung tuong tu ta dugc

\/b2—bc+c2 +\/c2—ca+a2 _|_\/a2—ab+b2
a’ + be b’ + ca ¢ +ab
2(b2—bc+02) 2<c2—ca+a2) 2<a2—ab+b2) 2<ab+bc+ca)
2 2 2 2 T 2 2 2 T 2 2 2 =4- 2 2 2
o a +b +c a“+b"+c a“+b +c a“+b"+c
Day chinh la bat dang thirc can chimg minh.

’ o Loi giai
Ap dung bat dang thicc Cauchy ta dugc




a +bc)(b2 be + ¢ ) <a’+b’+¢”

2 2
—be+c? —be+¢c? 2(b _bC+C)
Khi d6 ta suy ra > 5 SE—
a’ + be \/a +bc bc+c2) a~+b +c
Ap dung tuong tu ta dugc
\/bQ—chch +\/c2—ca+a2 +\/a2—ab+b2
a’ +be b? + ca ¢’ +ab

. 2(b2—bc+02)+2(c2—ca+a2)+2(a2—ab+b2) 4_2<ab+bc+ca)

a’+b?+c? a’+b’ +c’ a’+b’+c’ a’+b’+c’
b*>~bc+c® [P —ca+a® [a’—ab+Db’ 2(ab+bc+ca)
Hay 5 + > + 5 + 5 — >4
a” + bc b” + ca c +ab a“+b" +c

Vay bat dang thirc duoc ching minh.

Ding thirc xay ra khi va chi khi a = b;c = 0 va cac hoan vi.

Vi du 4.16: Cho a, b, ¢ la cac sb thuc duong tity ¥ . Ching minh rang :

2\/§ 1 + 1 + 1 £l+

11,3 3 3
\/a(a+2b) \/b(b+2c) \/C(C+2a) a b ¢ 2a+b 2b+c 2c+a

Phan tich va loi giai
Trudc hét ta dy doan dau dang thirc xay ra tai a = b = ¢. Quan sat bat dang thirc va cht y dén dau dang
thirc xay ra ta c6 danh gia

l a+2b a 2b a a+2b
Khi d6 tuong tu ta dugc bat dang thuc
2\/5 ! + ! + L £l+l+l+ 3 + 3 + 5 Nhu vay
b ¢ a+2b b+2c c+2a

\/a(a+2b) \/b(b+2c) \/C(C+2a) a

phép chimg minh s& hoan tat néu ta chi ra dwoc
3 3 3 3 3 3
+ + < + +
a+2b b+2c c+2a 2a+b 2b+c 2c+a
R rang bat dang thirc trén khong thé chimg minh duoc, diéu nay cho thay cach danh gia nhu trén
khong dem lai hi¢u qua va ta can phai tim cach khac.

, 1 1 1
bé y 1a trong phép danh gia trén ta triét ti€u duoc dai lugng — + E + — nhung khoéng dem lai hiéu
a c
5 A 5 ’ s 7 1 ‘A s A 3 3 Y J A 5 74 \ A 1x
qua. Vay ta thu danh gia lam triét tiéu + + thi s€ c6 két qua nhu thé nao? Beé lam
a+2b b+2c c+2a

dugce nhu vay ta can lam xuat hién cac 2a + b; 2b + ¢; 2¢ + a trong cc cdn va sy xuat hién do chi co

thé dugc giai quyét bang ki thuat thém - bét. Khi d6 chi y dén déu déng thirc xay ra ta duoc

13 _, |3 2a+b _ 3  2a+b
a(a+2b) 2a+b a(a+2b)_2a+b a(a+2b)

Hoan toan tuong ty ta dugc bat dang thirc




1 1 1
2\/5 + +
\/a(a+2b) \/b(b+2c) \/c(c+2a)
2a+b 2b+c 2c+a 3 3 3
< + + + + +
a(a+2b) b(b+2(:) C(c+2a) 2a+b 2b+c 2c+a
Phép chirng minh s& hoan tat néu ta chi ra dugc
2a+b 2b+c 2c+a 1 1 1
+ + <—+—+=
a(a+2b) b(b+2c) c(c+2a) a b ¢
Quan sat bat ding thure ta nghi dén cach ghép dbi xtmg. Nhung ghép nhu thé nao diy va néu
khong chung minh dugc bat dang thirc trén thi chudi danh gia trén hoan toan v tac dung. Sau mot thoi
gian may mo cuoi cung cling phat hién ra

2a+Db <z+l
a(a+2b) ~a b

2
banh gia nay tuong duong voi (a + 2b) > 3b (2a + b) la m§t danh gia dung.

Thyc hién hoan toan tuong tu ta dugc diéu can phéi chitng minh.

Vi du 4.17: Cho a, b, ¢ 1a cic s6 thuc duong théa min a + b + ¢ = 3. Chimg minh rang:
1 1 1
2(&b+bc+ca)+—+—+— >9
ab bc ca

q Phén tich va loi gidi
Trudc hét ta du doan dang thic xay ra tai a =b =c¢ =1. Khi d6 dé thay theo bat dang thuc
Cauchy ta co

ab+bc+ca+i+i+i=ab+i+bc+i+ca+iz3
ab bc ca ab bc ca

- Nhuviyta can chimg minh ab + bc + ca > 3 nira la xong. Tuy nhién véi a +b+c = 3 thi Qét
dang thirc ab + bc + ca > 3 lai khong ding. Nhu vy cach danh gia nhu trén khong hiéu qua. Ta can
tim cach khac.

Trong bat dang thirc ¢ dai luong 2 (ab + bc + ca) va gia thiét thi c6 a + b +c = 3, giira chiing
c6 mdi lién hé 1a
2 2, 2 2
a~+b +c +2(ab+bc+ca) =(a+b+c)

Didu nay goi ¥ cho ta thém vao hai vé cua bit dang thirc dai lwong a” + b” + ¢, khi d6 bt dang
thire can chirng minh tr¢ thanh
2 1 1 1
(a+b+c) +—+—+—2>9+a’+b*+c’
ab bc ca
1 1 1
Hay —+—+—2>a’+b*+c’
ab bc ca
Két hop véi gia thiét a + b + ¢ = 3 thi bat dang thic trén duogc viét la
3
—>a’+b’+c’ = 3> abc(a2 +b’ +CQ)
abc

2
Theo mot danh gid quen thudc thi abce (a +b+ c) < (ab + bc + ca)

W | =

Do d6 ta duoc
(ab + bc + Ca)2 (a2 +b° + CZ)
9

abc(a2 +b’ +c2) = %abc(a+b+c)(a2 +b’ +02) <




Ma theo bét déng thirc Cauchy ta co
(ab +bc + ca)2 (a2 +b® + cz) = (ab + bec + ca)(ab+ bc +ca)<a2 +b° +C2)

. <a+b+c)2 3 =<a+b+C)6 o7
3 27

Suy ra ta dugc abc (a2 +b + 02) < 3. Véy bai toan dugc chimg minh xong.

Vi du 4.18: Cho a, b, ¢, d 1a cic s6 thuc duong tiy y. Ching minh rang:
a-d d-b b-c c-a

+ + +
b+d c¢c+b a+c a+d

>0

Phén tich va loi gidi
D@ dang du doan duoc dang thirc xdy ra tai a = b = ¢ = d. Quan sat bat dang thiic ta nhan thay
chua thé xac dinh duoc cac phén s6 da khong 4m ‘hay chua va vé phai lac ndy la 0 nén viéc sir dung bat
dang thirc Cauchy la khong the duogc. Bay gio ta can thay d6i cac tir s dé dam bao cac phan s khong 4m
va vé phai ciing 1a mot hiang sé duong. Yéu cau nay goi y cho ta st dung ki thuat thém - bot
a—d 1 a+b

pé yta théy +1= , hoan toan tuong tu ta duoc
b+d b+d

a—d+1+_d—b+14_b—c+14_c—a+1 >4
b+d c+Db c+a d+a
a+b d+c¢c b+a c+d

+ >4

d+b c+b c+a d+a
Lai thay cac phén s khong cting mau nhung c6 cac cédp cung ti, do do ta viét duge bat dang thuc

trén thanh
(a+b) 1 + 1 +(c+d) 1 + 1 >4
d+b c+a b+c a+d

. o xas 1 1 4
Bat dang thuc trén lam ta lién tudng dén bat dang thuc Cauchy dang — + — >
X y X4y

(a+b)[ 1,1 Jz Aarb)

d+b c+a a+b+c+d

1o ]> 4(c+d)

b+c a+d) a+b+c+d

Hoan toan tuong tu ta cling ¢6 (c + d)[

Cong hai bat dang thirc trén theo vé ta c6 ngay diéu phai chimg minh.

Vi du 4.19: Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang:

3 3 3
2 + b + ¢ 21(a+b+d
b<b+c) c(c+a) a(a+b)
3 3
Phin tich: Dé § dén danh gia —— + 24 2FC5 g @ b bre 3,
b(b+c) 2 4 b(b+c)2 4 2
, o Loi gii
Ap dung bat dang thirc Cauchy ta co:
a’ b b+c a’ b b+c 3
—t—+ 2 33 L= =—a
b(b+c) 2 4 b(b+c)2 4 2

Hoan toan tuong tu ta co6




b? c c+a _3 ¢ a+b
—+—+ > —b; +—+ >—c
c(c+a) 2 4 2 a(a+b) 2 4
Cong vé v6i vé clia cac bat dang thuc trén, ta duoc:
@ + b’ + ¢ +a+b+c>§(a+b+ﬂ
b(b+c) C(c+a> a(a+b) 2
= o + b’ + ¢ 21(a+b+c)

b(b+c) c(c+a) a(a+b)
Viy bat dang thirc duoc chimg minh. Pang thirc xay rakhi vachikhia =b =c

Vi du 4.20: Cho a, b, ¢ 1a cac s thuc duong. Chimg minh ring:
a’ b? c’
+ -+

(b + 2(:)2 (c + 2a)2 (a + 2b)2

Zg<a+b+c)

Phén tich: Dé y dén danh gia

a’ b+2c b+2c a’ b+2c b+2¢c a
+ + >3, . : =—

(b+2(:)2 27 27 (b+c)2 27 27 3

Loi giai

Ap dung bt dang thirc Cauchy ta cé:
a’ b+2c b+2c a’ b+2c b+2c a
>+ + 23, 5~ : —
(b +20) 27 27 (b+ c) 27 27 3

Hoan toan tuong tu ta co6
b c+2a c+2a _b c’ a+2b a+2b
-+ + > —; -+
(c n Za) 27 27 3 (a " 2b) 27 27

Cong veé vdi ve cua cac bat dang thuc trén, ta dugc:

OJIO

a’ b® c? a+b+c_a+b+c
-+ -+ -+ 5 > 3
(b+2(:) (c+2a) (a+2b)
a’ _, b _, c? 222(a+b+c)
(b+2c> (c+2a) (a+2b) 9

Viy bat dang thirc duoc chimg minh. Pang thirc xay rakhi vachikhia =b =c

Vi du 4.21: Cho céc s6 duong a, b, ¢ théa min ab + bc + ca = 1. Ching minh rang:

a’ +b+¢? Zi
3

= ab[

Phén tich: D& y dén dénh gia a® + b® + > 33la

3\/_ \/5
o Loi giai

Ap dung bat dang thuc Cauchy ta co

a+b3+—2ab\/7 b +c¢® +—— >bcx/§c+a+ 20&\/7

3\3 3\/_ B 343

Cong vé véi vé cla cac bat dang thire trén, ta duoc:




V3

2(& +b3+C)+—>\/7<ab+bc+ca):
:>2(a +b3+c)>i:>a +b*+¢? Z%

3
Viy bat dang thirc duoc chimg minh. Dau dang thirc xay ra khi va chi khi
1
a = b = —
V3
1
b=c= T b 1
3 Sa=b=c=—F
) V3
C=a=—7—
J§
ab+bc+ca=1

Vi du 4.22: Cho cac s6 duong a, b, ¢ thoa min 4 (a +b+ c) = 3abc. Ching minh rang:

Loi gidi
1 1 3

£ 1
Tir gia thiét ta ¢o 4(a+b+c)=3abc<::>—b+b—+—:Z
a c ca

Ap dung bat dang thire Cauchy ta c6

1 1 1 1 11 31
—t—+—2 3. — . — ==, —
a> b* 8 a’ b* 8 2 ab
Hoan toan tuong tu ta duoc
b ¢ 8 2 bc ¢ a® 8 2 ca

Cong theo vé cac bat dang thirc trén ta duogc
2 i+i+i +§>§ L+ 1 +i :2@i+i+l2§
a’ b* ) 8 ab bc ca a 58

Viy bat ding thirc duoc chimg minh. Pang thirc xay ra khi va chi khi

1_1_ 1. 1
a b ¢ 2 o4-b=c=2
1 i 1

5. K¥ thuit Cauchy ngwogc diu.
Trong qua trinh tim 10i giai cho mot bai toan bat dang thirc, mot sai 1am thuong gap do6 1a sau mot

loat cac danh gia ta thu dugc mot bat dang thirc ngugc chiéu. Piéu nay lam khong it nguoi cam thdy nan
1ong. Lic nay néu ta binh tinh suy nghi mot chut thi thiy véi danh gia nguoc chiéu bang cach nao d6 ta
thém vao trudc mot dau am thi 1ap tirc danh gia d6 s& cung chiéu. Str dung y tudng twong tuw nhu ky thuat
thém bot, tham chi co phén khéo l¢o hon, ky thuat Cauchy nguoc déu da ching t6 sy dot pha don gian
nhung dem lai hiéu qua bat ngd dén ngac nhién khi giai quyét 16p bat dang thirc hoan vi chit va kho.
Chung ta s& bat dau lam quen voi mot s6 vi du sau



Vidu5.1: Cho a, b, clacac sb thuc dwong thoa mdn a + b + ¢ = 3. Chirmg minh ring:
1 1 1 3
2 +t3 T =3
a~+1 b°+1 c +1 2

Phan tich: Quan sat bat ding thirc khong it ban s& dénh gia a’ +1 > 2a, 4p dung twong tw khi do ta
duoc bat dang thuc
1 1 1 1 1 1
—t 5t 5 — S+t —+—
o a+1 b +1 c+1 2a 2b 2c
Tuy nhién bat dang thire thu dugce lai bi nguge chiéu. Bén day ching ta s€ bi ling tung trong cach
gidi. Ta van phai danh gia mau nhung néu c6 thé thém dugc dau am trude danh gia do thi tot biet may.
biéu ta mong muon s€ dugc giai quyét bang phép bién d6i sau day

1 a’ a’ a
5 =1-— >]l-——=1-—
) i a”+1 a”+1 2a o2
bén day thi ta c6 thé danh gia mau ma khong so bi ngugc chiéu nira
Loi giai
Ap dung bat dang thirc Cacuchy ta duoc
1 a’ a’ a
5 =1-— >2]l-—=1-—
a”+1 a”+1 2a 2
b 1 c
Hoan toan tuong tu ta c6:  —; 21-—; = >1-——
) ) b* +1 2 ¢ +1 2
Cong theo vé theo veé cac bat dang thurc trén ta dugc:
1 1 1 a+b+c 3
5t 5 — 23— =
a~+1 b '+1 ¢ +1 2 2

Bai toan duoc giai quyét xong. Pang thirc xdy rakhivachikhia=b =c=1.

Vidu 5.2: Cho a, b, cla cac s thuc duong thoéa man a + b + ¢ = 3. Chirng minh rang:
1 1 1
+ +
1+ab 14+bc 1+ca

>3
2

Phin tich: Néu ap dung bat ding thirc Cauchy tryc tiép ta thu dugc

1 1 1 < 1

1
+ + < + +
1+ab 1+bc 1+4+ca 92yab 2vbc 2Vca
Do d6 ta s& ap dung bat dang Cauchy theo ¥ twong nhu trén

) o Loi giai
Ap dung bat dang thirc Cauchy ta co
1 1 ab 51 ab 1 ab
1+ab 1+ab 24/ab 2
Tuong tu ta c6 1 21—_'bc; 1 21__“0&
1+ bc 2 1l+ca 2

Cong theo vé theo vé cac bat dang thirc trén ta duoc

1 + 1 + 1 23—%(@+\/E+\/a)

1+ab 1+bc 1+ca

Déylé %(@+\/E+\/;)S%(a+b+b+c+c+aj=a+b+c=g

2 2 2 2

1 1 1

+ +
l+ab 14+4bc 1+4ca
Bai toan duogc giai quyét xong. Pang thirc xay ra khivachikhi a+b+c =1

Do d6 ta duoc

>3
2




Nhén xét: Ky thugt Cauchy ngwoc ddu cé thé hiéu la ta ldy nghich ddo hai vé ciia mét danh gid theo bat
dding thirc Cauchy sau d6 nhan hai vé véi -1. Khi do bat dang thire ban dau sé khéng bi déi chiéu. Duéi

day la mot s6 vi du twong tu.

Vidu 5.3: Cho a, b, ¢ la cac sb thuc duong théa min a + b + ¢ = 3. Chimg minh rang:

a b c 3
2 t T .
b"+1 ¢ +1 a +1 2
’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
a ab’ ab’ ab
2 a3 z2a-_—-=a-—-
b”+1 b”+1 2b 2
b b
Tuong tu ta ¢ 5 Zb——c; 2C >c- 2
) , c+1 2 a"+1 2
Codng theo vé theo vé cac bat dang thirc trén ta duoc:
a b d ab +bc +ca
+ >a+b+c———mF——

+
b*+1 c+1 d*+1
1 2
Mit khac theo mot danh gia quen thudc ab+bc+ca£§<a+b+c) =3
Do d6 ta duoc 2a + 2b + 2C 23—§:§
b +1 ¢ +1 a +1 2 2
Bai toan duogc giai quyét xong. Pang thirc xdy rakhivachikhia=b=c=1

Vi du 5.4: Cho a, b, ¢ 1a cac s6 thyc duong tily y. Ching minh rang:

a’ b? c? a+b+c
2 2+ 2 2+ 2 2 Z
a“+b° b +c¢” ¢ +a 2
Loi giai
Ap dung bat dang thirc Cauchy ta co
a’ ab’ ab’ b
2 ;g T AT, 2 zZa-_—=a-_
a~+b a~+b 2ab 2
b? C c?
Tuong tu ta ¢ ——2b-——i5——F2c——
) ) o b” +c 2 ¢ +a 2
Cong vé theo vé cac bat dang thuc trén ta dugc
a’ b? c? a+b+c a+b+c
5t 5 5t S 2atb+ce- =
a“+b" b°+c ¢ +a 2 2

Bai toan dugc giai quyét. Pang thirc xay rakhivachikhia=b =c.

Vi du 5.5: Cho a, b, ¢ la cac so thuc duong théa min a + b + ¢ = 3. Chimg minh rang:
a+l b+1 c+1
2 + 2 + 2 =
b"+1 ¢ +1 a +1

, o Loi giai
Ap dung bat dang thirc Cauchy ta co
41 a+1)b’ a+1)b? b+b
a; :a+1—( 5 ) Zau+1—(—):a+1—8L
b” +1 b”+1 2b
. +1 bc+c c+1 ca+a
Tuong ty ta c6: — >b+1- P >c+1-
c +1 2 a +1

Cong theo vé céc bt dang thirc trén ta duoc




a+l b+l c+1 a+b+c+ab+bc+ca
+ + >a+b+c+3-

b*+1 c+1 a’+1 2
a+b+c ab+bc +ca
2 2
2
(a+b+c)
Ma theo mt danh gia quen thudc ta c6 ab + bc + ca < B — =3

a+l b+l c+1
2 + 2 + 2 2
b +1 ¢ +1 a”+1
Bai toan duogc giai quyét xong. Pang thirc xdy rakhivachikhia=b=c=1.

Do vay ta dugc

Vi du 5.6: Cho a, b, ¢ la cac s6 thuc duong théa min a + b + ¢ = 3. Chimg minh rang:

a b c 3
2 5 T z 5
b’c+1 ca+l1 ab+1 2
’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
a_ . ab’c S _abQC B _ab\/z _ a_b a(ac)>a_b(a+ac)
b*c+1 bX+1  2bye 2 2 4
1
Suy ra ta ¢ 2a Za——(ab+abc>
bc+1 4
Hoan toan tuong tu ta co
b 1 1
5 2b——<bc+abc); 5 Zc——(ca+abc)
, ~ ca+l 4 ab+1 4
Cong theo vé céc bat dang thirc trén ta duoc
a b ¢ ab+bc+ca 3abc
> +— +— >3- -
b’c+1 ca+1 ab+1 4 4
Mat khac ta ¢6 theo mot danh gid quen thudc ta duoc
2
a+b+c
3 4 4
: b
Va 3:a+b+623\/5&bc<:>%23a4c
Do d6 ta duoc
2a +2]D +2C +§+§23hay 2a +2]D +2C 2§
b’c+1 ca+l ab+1 4 4 b’c+1 ca+l ab+1 2

Bai toan dugc giai quyét xong. Pang thirc xay rakhivachikhia=b=c =1.

Vidu 5.7: Cho a, b, ¢ la cac sd thuc dwong théa man ab + bc + ac = 3. Ching minh rang:

a b C
- + — + — >1
2b* +1 2¢*+1 2a° +1
’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
a 2ab® ab’ 2ab
- =a—— - Za-———=a———
2b* +1 b* +b® +1 3b’ 3
Tuong tu ta co ‘ >b- 2be ; ‘C >Cc— 2ca
2¢% +1 3 2a%+1 3

Cong theo vé cac bat dang thirc trén ta duoc




2 b c 2(ab+bc+ca)

Tttt 2a+b+c—
2b”+1 2¢"+1 2a’+1 3
Mat khac ta lai co

(a+b+c)2

=a+b+c-2

Zab+bc+ca:>a+b+c2\/3(ab+bc+ca) =3

a N b N c S
2b*+1 2 +1 2a°+1

Bai toan duoc giai quyét xong. Pang thirc xdy rakhivachikhia=b=c=1.

Do d6 ta duoc

Vidu 5.8: Cho a, b, cla cac s thuc duong thoéa man a + b + ¢ = 3. Chirng minh rang:

2 2 2
b
a >+ >+ ¢ ;21
a+2b” b+2¢c” c+2a
o Loi giai
Ap dung bat dang thuc Cauchy ta co
2 2 2
2ab 2ab 2 2
a S =a-— az S Za— a :a——3(ab)
a+2b a+b +b 33 ab? 3

Tuong ty ta co

b 2,/ ? 2.
b + 2¢’ Zb_gd(bC)Q; C+C2a2 20—53(%)2

Cong theo vé cac bat dang thirc trén ta duoc
a2 e ) o e
:g_gkmmf+%m$+4@@1

Mit khéc ta ¢6 ﬁ(ab)2 = Ya.abb < %

2 _b+bc+c 2 c+ca+a
Hoan toan tuong tu ta dugc 3(bc) <————; 3(0&) ST

3

Cong theo vé cac bat dang thirc trén ta dugc

{/(aub)2 +{/(bc)2 +{/(ca)2 < %(a+b+c)+é(ab+bc+ca)

2
S—(a+b+c)+l(a+b+c) z.3+l.3—2
3 3 3 3 3 3
Suy ra ta 6 %H@ﬁ+wmf+wmfkgg=2

>1

Do d6 ta duoc o+ >+ 5
a+2b° b+2c¢° c¢c+2a

Bai toan dugc giai quyét xong. Pang thirc xay rakhivachikhia=b=c =1.

Vi du 5.9: Cho a, b, ¢ la cac sd thuc duong théa min a + b + ¢ = 3. Chimg minh rang:

2 2 2
a b C
o+ o+ ;21
a—+2b b+ 2c¢ c+2a
Loi giai

Ap dung bit dang thic Cauchy ta c6




2 3 3
a e 2ab S5 2ab :a—zbg/a_z
a+2b° a+b3+b3 33/ab® 3

2
Tuong tu ta c6 b 2b- 2 \/7
) . b+ 2¢” c+2a°
Cong theo vé cac bat dang thurc trén ta du’(yc
2

2 2
i b TR Za+b+c—2(b%/§+c§/§+a@)
a+2b’ b+2c® c+2a’ 3
—z(b@m%m%_?)

Mit khac ciing theo bat dang thirc Cauchy ta co

b%/a_2 = b‘”a.a.l < b[%mj — b(2a +1] _ 2ab+b

3 3

[5 _2bc+ 2ca +
Tuong tutacd cib> < ———— °cre. \/7< cara

Cong theo vé cac bat dang thuc trén ta dugc

2
2 b
b@+c€/§+a§/c_2ﬁ%}m+§(ab+bc+ca)éa+§+c+ (ag3+c) =3

2 2 2
a b C
Do do6 taco s+ s+ 321
a+2b b+ 2c¢ c+2a

Bai toan duoc giai quyét xong. Pang thirc xdy rakhivachikhia=b=c=1.

Vidu 5.10: Cho a, b, ¢ 1a cac sb thuc duong tiy y. Chirg minh rang;

a’ b’ c’ a+b+c
2 2+ 2 2+ 2 2 =
a~+ab+b” b +bc+c” ¢ +ca+a 3
Loi giai
Ap dung bat dang thuc Cauchy ta co
a’ . a’b + ab’ . ab(a+b)_ a+b 2a-b
a’+ab+b’ a’+ab+b’ 3ab 3 3
b? 2b—c c’ 2c—a
Tuong tu ta co 5 7 2 ;> 5 2
b +bc+c 3 c"+ca+a 3
Cong theo ve cac bat dang thuc trén ta duoc
a’ b? c’ a+b+c
2 2+ 2 2+ 2 2 2
a~+ab+b” b +bc+c” ¢ +ca+a 3

Bai toan dugc giai quyét xong. Pang thirc xay rakhi vachikhia =b =c.

Vidu 5.11: Cho a, b, ¢, d 1a cic s6 thuc duong thoaman a+b+c+d = 4.

Chtng minh rang: a o+ b -+ ¢ -+ d S22
1+b° 1+c¢ 1+d 1+a
’ o Loi giai
Ap dung bat dang thirc Cauchy ta co
a a (1 + bQ) —ab’ ab? ab
> 2 —a- 7 28~
) 1+b 1+Db 1+Db 2
Ap dung tuong tu ta dugc
bQZb—E; c 2m—ﬁ; d 22c—@
l+c 2 1+d 2 1+a 2

Ap dung tuong tu ta dugc




a b C N d >4_ab+bc+cd+da

+ + >
1+b* 1+¢ 1+d° 1+a’ 2
Mat khac ciing theo bat dang thirc Cauchy ta c6

ab_|_]OC_,_Cd_,_(§13L_(a+c)(b+d)<(a+b+c+d)2_2
2 - 2 B 8 -
Do vay ta dugc 2 + b + ¢ + d > 2

1+b* 1+¢ 1+d® 1+a’
Bai toan duogc giai quyét xong. Pang thirc xay rakhivachikhia=b=c=d =1

Vidu 5.12: Cho a, b, ¢, d 1a cac sb thuc dwong théoa méin a + b + ¢ + d = 4. Chimg minh rang;

1 N 1 N 1 N 1
a’+1 b*+1 2+1 d*°+1
) o Loi giai
Ap dung bat dang thuc Cauchy ta co
2 2
1 a”+1)—a 2 2
n =( 2) =l-——>1-2=1-2
a” +1 a” +1 a” +1 2a, 2
Hoan toan tuong tu ta duoc
I sy b b sy e 15, d
b* +1 2 ¢’ +1 2 d*+1 2

Cong theo vé cac bat dang thirc trén ta duoc
1 1 1 1
2 + 2 + 2 + 2 -
o a~+1 b"+1 c+1 d +1
Bai toan duoc giai quyét. Pang thirc xay rakhivachikhia=b=c=d =1

Vi du 5.13: Cho a, b, ¢, d 1a cac s thuc duong théa man a + b + ¢ +d = 4. Ching minh rang:

a b c d
—+ —+ —+ 22
1+b’c 1+c¢d 1+da 1+ab
, o Loi giai
Ap dung bat dang thirc Cauchy ta co
2 2
a _a(1+bc)—abc_ _ab’c >a_ab2c B _ab\/z
1+b’ 1+b’c 1+b% ngE 2

Hoan toan tuong tu ta dugc

b >b_ch5_ c >C_cd\/;. d >d_da\/g
' 1,+(372d_ 2 '1+d%a 2 "1+a’® 2

Cong theo veé cac bat dang thuc trén ta dugc

a b C d ab\/g bcx/a cd\/; da\/g]
- — + - -

+ + >4
1+b% 1+c*d 1+d%a 1+a’ 2 2 2 2

bya.ac . b(a+ac)

Mit khac ciing theo bat dang thirc Cauchy ta c6 1

Tuong tu ta duoc
b\/a.ac + cx/b.bd + d\/c.ca + a\/d.db < ab + bc + cd + da + abc + bed + cda + dab

2 4
N ab+bc+cd+da _ (a+c)(b+d) y (a+c+b+d)2

4 4 16

=1va




abc + bed + cda + dab _ bc(a+d)+da(b+c)

4 4
2 2 3
a+d)(b+c) +(b+c)la+d a+b+c+d
(pra)orcf +(bec)(ara) _(arbrosa)
16 4.16
a2+ b2+ 02+ d2 >2
I+bc 1+cd 1+da 1+a’b
Bai toan duogc giai quyét xong. Pang thirc xay rakhivachikhia=b=c=d =1

<

Do d6 ta duoc

6. K¥ thuit ddi bién sé

Trong bét dang thirc, c6 mot quy ludt chung, dé 13 “Trong mot dang cu thé, thi nhitng bt dang
thirc cang nhiéu bién cang kho”. Piéu nay ciing dong nghia voi viéc khang dinh “Bai toan s& trd nén don
gian hon néu ta dua dugc mot bat dang thirc nhidu bién vé dang it bién hon” K§ thuat ddi bién chinh 1a
mot cong cy hiru ich dé thyc hién y tudng nay.

Vi du 6.1: Cho a, b 1 hai s6 thyc khac 0. Chirng minh rang:

21.2 2 2
da’b +a—+b—23

(v VW

Phén tich: Nhin vao bat dang thirc can chiing minh ta thay hai hang tir sau & vé trai c6 vé nhu tao ra duoc
nghich ddo cua hang tir thir nhat. Vi vay ta thir phan tich tong hai hang t d6 d&€ xem két qua c6 nhu du
doan hay khong.
2
2 2
a’ b2_a4+b4+2a2b2—28n2b2_(a +b) 5
b? * a? a’b’ Toam
Véi két qua nhu vy ta c6 thé sir dung cach dat an phu dé dua bat dang thic can chimg minh vé bat

dang thirc don gian hon.

Loi giai
bé y rang bat dang thirc can ching minh ¢6 thé viét lai thanh
4a2b? (aQ + b’
+

)2
9 9 2 a2b2 >5
(a +b )

2
2 2

a~+b Aa’b? 4
Détt=( ) tacod t > 4. Tu do suy ra a—b2=_
a’b (a2+b2) t

Bét dang thic can ching minh tro thanh

t t’ —5t+4 t-1){t—4
t+125<:>f20<:><)—t()20

Bét dang thic cudi ciing diing do t > 4 . Bai toan duoc giai quyét hoan toan.
DPang thurc xay ra khi va chi khi a = +b

. 1 1 1 .
Vidu 6.2: Cho céc so thuc a,b,c > 2 thoa man — + 5 + — = 1. Ching minh rang :
a ¢

(a-2)(b-2)(c-2)<1

Phin tich: D¢ triét tiéu cac dau trir trong bat dang thic can ching minh ta c6 thé d6i bién
. 1 1 1 )
Xx=a—-2;y=b-2;z=c-—2, khi d6 gia thiét tr¢ thanh + + =1 vata can chung
X+2 y+2 z+2
minh xyz < 1. Dy l1a mot bat ding thic ¢ thé chimg minh bang cach ghép cap dbi xtmg. Tuy nhién

trong 10i giai dudi day ta chirmg minh bai toan bang k¥ thuat doi bién.




Loi giai
Pitx =a—-2y=b—-2;z=c—2 vdix,y, zla cac s6 thuc duong. Bai toan quy vé chimg minh

xyz <1 véi x, y, z > 0 théa man

1 1 1 X y zZ
+ + =l + + =
x+2 y+2 z+2 Xx+2 y+2 z+2
Dén day ta dit tiép m = x ;N = 4 ;P = z &S m+n+p=1
X +2 y+2 z+2
1 +2 2 2 1 + 2
Khi do ta ¢6 S S R T P A S () SN
m X X X m m n+p
2 2
Tuong tu ta duoc y = - ;7= P
p+m m+n

Do d6 bat dang thirc can chimg minh tré thanh
2m 2n 2p

n+p.p+m‘m+n Sl<:>(m+n)(n+p)(p+m)28mnp

St dung bét déng thirc Cauchy, ta co

(m + n)(n + p)(p + m) > 2&.2@.2@ = 8mnp

Bai toan duoc giai quyét xong. Pang thirc xay ra khi va chi khi
m=n=p<a=b=c=1Sx=y=2=3

Vi du 6.3: Cho a, b, ¢ 1a cic s6 duong thoa min abc = 1. Chung minh rang:

1 1 1
+ + >1
2a+1 2b+1 2c+1

Phén tich: Gia thiét abc = 1 goi ¥ cho ta cich ddi bién a = —: b= c =2 véi x, v, z I céc s
y z X
thuc duong.
Loi giai
bit a zi; b:X; C=E véi X, y, z 1a cac sb thuc duong. Bét dang thirc can ching minh trd
y zZ X
thanh
1+1+121<:>Y+Z+X21
90X .1 9Y .1 2%, 2x4+y 2y+z 2z+X
y Z X
Ap dung bt dang thirc Cosi ta co
y y(22+y) . y(22+y) _ y(22+y)
- 2 2
2x+y <2X+y)(2z+y) 2x+v)+(2z+ X+Yy+2
y y

4
N z(2x+z) ; x X(2y+x>
2x+y <x+y+z)2 2z +x <x+y+z)2

Cong ba bét déng thirc nay lai vé theo vé, ta dugc:

Tuong tu ta co




y . 7 . x >y(22+y)+z(2x+z)+x(2y+x)
2x+y 2y+z 2z24+x

(X-i-y-l‘Z)2

2<Xy+yz+zx)+x2+}72+Z2 |

2
(X +y+ z)
Chimg minh hoan tat. Pang thirc xay rakhivachikhia =b=c=1.

Vi du 6.4: Cho a, b, ¢ 1a cac s6 thyc thoa man abc = 1. chimg minh rang:
1 1 1
+ + <1
a+b+1 b+c+1 c+a+l

Phén tich: Ta nhan thiy sy twong tu cia bat ding thirc trén véi bat ding thirc
1 1 1
3 3 + 3 3 + 3 3 < 1
a”+b’+1 b’+c’+1 c +a’+1
Do d6 y tuong dau tién d6 ta dat x° = a; y* = b; z° = ¢, khi nay ta van dugc xyz = 1 va khi do

ta viét lai duoc bat dang thic can chimg minh
1 1 1
+ -

<1
+y'+1 vV +2°+1 2 +x*+1
Ngoai ra tir gia thiét abc = 1, ta c6 thé sir dung cac phép d6i nhu sau
2 2 2
a=Xipo¥ onZ X Y T ¥R, B XY
y zZ X VZ zZx Xy x> v 7’
Loi giai
it x* =a; y* =b; z° = ¢, khi d6 ta dwoc xyz = 1.
Bét dang thire can ching minh tro thanh
1 1 1
3 3 + 3 3 + 3 3 < 1
x"+y'+1 y' +z°+1 z7+x"+1
Ap dung bat dang thirc Cauchy ta duogc
x? +y3 = (X+y)(x2 +y2 —Xy) > Xy(X+y)
1 1
Khi d6 ta dugo e S
x"+y +1 xy@+y}ﬂwz X+y+z
Chtrng minh tuong tu ta dugc
1 1 1
+ + < z T S =1

Pyt 4l v 4241l P 4xP+1 x+y+z x+y+z x+y+z
Viy bat dang thirc duoc chimg minh. Pang thitc xay rakhivachikhia=b=c =1.

Vi du 6.5: Cho a, b, ¢ 1a cac s6 thuc dwong bat ki. Chtng minh rang:
1 1 1 3

(o4 1) oler1) efar1) Ve (L Vao)

Phén tich: Quan sat bat dang thirc ta thay vé phai chira cin bac ba. Do d6 diéu dau tién ta nghi dén 1a lam
mat cic can bac ba nay va ta c6 hai y tuong doi bién dé 1am mat cén béc ba la

it x =3a, y = b, z = Yc . Khi d6 bét déing thirc cin chimg minh tré thanh
1 1 1 3
- + — - + — 2
x° (y3 + 1) v (zs + 1) z* <X3 + 1) Xyz(xyz + 1)

- Pit abe = k. Khi d6 bét dang thirc cAn ching minh tré thanh




a(b+1) blew) c(as1) K(1+K)

Ta thtr chirng minh bai toan véi cac cach doi bién trén nhu sau

Loi giai
bat x = %/; , Y = %/g , 7= %/E . Khi @6 bat dang thirc can chimg minh tro thanh
1 N 1 N 1 > 3
x° (y3 + 1) v’ <Z3 + 1) A <X3 + 1) Xyz(xyz + 1)
Ta co
M:3+O+Xw%ﬁ3*@;+Q+YW;+Q+Z%;+J)
_ 1 N 1 N 1 N x’y? N y'z® 7*x* L3
X3<y3 +1) y3(23 +1) ZS(XB +1) X+1 y'+1 2 +1
1+x° 1+y° 1473 y3(X3+1) Z?’(y3+1) X3(23+1)

TRl ) Y () A en) (4y) | (1+7) | (1+4)
Theo bt ding thirc Caucy ta duogc
1+x° . 1+y° . 1+27° .3
x* (y3 + 1) v’ (23 + 1) z° (X3 + 1) XyZ
y? (X3 + 1) 7z’ <y3 + 1) x (23 + 1)

() (7)) (1+7)

T dosuyra M > 3xyz+i = <1+x3y323)P > 3xyz+i—3

> 3xXyz

Xy7Z Xy7Z
Mait khac ta lai co
3 (X3y3z3 . 1) _ 3(X2y2z2 —Xyz + 1) 3xyz_3+ 3
XyZ (Xyz + 1) XyZ XyZ
Do d6 ta duogc
3.3 3 3.3 3 3 3
(1+X V'z )PZ(1+X yV'Z )—Xyz<xyz+1) <P Z—XyZ(XYZ-l-]_)

Chimg minh hoan tit. Pang thirc xay ra khi va chikhi a =b = ¢
Nhdn xét: Ta ciing co thé chung minh bai todn trén theo cach sau

Véi cach dat abe = k*, khi d6 ton tai cdc sé thiee dwong %, 2 sao cho

azﬁ;bzk—z;c=k—x

x Yy z
Khi d6 bdt dang thirc can chitng minh twong dicong voi
1 N 1 N 1 S 3
ky[klj k(klj k(kylj bk +1)
x Yy y\ 2 z\
Hay v + y > 3

+ 2
y+kz z4+kxr z+ky k+1
Ap dung bat dang thire Bunhiacopxki ta diegc



x Y z z’ N Y’ N 2

y+kz z+k:1:+m+ky:x(y+kz) y(z+kx) z(a:+ky)

(ZL’+y+Z)2

- x(y+kz)+y(z+kx)+z(x+ky)

2
(ac +y+ z) 3
>
(k+1)(a¢y+yz+zx) k+1
Vay bdt dang thire dwoc chitng minh. Dau dang thirc xay rakhi a = b = c.

Vi du 6.6: Cho a, b, ¢ 1a céc sd thuc duong thoéa man a + b + ¢ = abc . Chimg minh rang:

b c a 3
+ + > —
avb?+1 byl +1 a4+l 2
A r < A P < A \ 1 1 1 A \ . ’ o < A
Phin tich: Ta viét lai gia thiét thanh — + — + — =1, di€u nay goi y cho ta cac dat bién phu

ab bc ca

1 . oy :
z = —. Khi d6 gia thiét ctia bai toan trd thanh xy + yz + zx = 1.

Ll
a’y b’ C

X ¥y .z
\/y2+1 \/Z2+1 \/X2+1

Xy + yz + zx = 1 ta viét duoc \/x2+1 :\/X2+Xy+yZ+ZX :\/(x+y)(x+z) khi d6 ta suy ra

Bit dang thirc can chimg minh try thanh

Zg.Chu)’Idén

bét dang thirc can ching minh 13
X y z S 3
2

o)) Jern)rry) Jxro)(x7)

Dén day ta st dung dénh gia Cauchy dé giai quyét bai toan.
Loi giai
e ik 1 1 1
Tur gia thiet a+b +c =abc suyyra —+—+—=1.
ab bc ca

Pitx =—; y =

Q| =

%; Z = 1 , Khi d6 gia thiét ciia bai toan tr¢ thanh xy + yz + zx = 1.
c
X y z

+ -

\/y2 N N N
D@ thay \/X2+1=\/X2+Xy+yZ+ZXZ\/(X+y)(X+Z)

Tuong tu ta dugc \/y2 +1= \/(y+z)(y+x); \/22 +1= \/(Z+X)(Z+y)

Ap dung bat dang thire Cauchy ta duogc

O 5 i 3
Bat dang thuc can ching minh tré thanh > 5 .

X y v/ X y Z

\/y2+1 +\/Z2+1 +\/X2+1 ) \/(y+x)(y+z) +\/(Z+X)(Z+y) +\/(X+y)(x+z)
2x 2y 27,
> + +
X+2y+z xX+y+2z 2x+y+z
Ta can chtng minh 2x + 2y + 22 > §
X+2y+z xX+y+2z2 2x+y+z 2

That vay, ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc




2x 2y 27 2x° 2y* 27"
+ + = + +
X+2y+z X+y+2z 2Xx+y+z X(X+2y+Z) y(x+y+2z) z(2x+y+z)

N 2()(+y+z)2 _3

2

Nhu vy bét déng thirc ban diu dugc ching minh. Diu ding thirc xdy ratai a=b =c = \/g .

. 2(X+y-|—z)2

(X+y+z)2+xy+yz+zx (

Vidu 6.7: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:
a+b+3c N a+3b+c N 3a+b+c >§
3a+3b+2c 3a+2b+3c 2a+3b+3c 8

Phan tich: Dé don gian hoa cac dai lugng vé trai ta c6 thé dat

a:3y+3z—5x
x =2a+3b+3c 8
y=3a+2b+3c = b=M
z=3a+3b+2c 3X+38y_5z

T

Khi d6 ta viét lai bat dang thirc can ching minh thanh
+ + + 2 1
7 x y ytz z+x __72_5
8\ =z X y 8 8
Dén day ta ap dung bat dang thirc Cauchy dé danh gia tiép.
Loi gidi
bit x =2a+3b+3c; y =3a+2b+ 3c; z = 3a+ 3b + 2c, khi d6 ta dugc

3y + 3z —
Q=Y 3z — bx b=
r 2 1 8 r 8
Khi d¢ bat dang thirc can chirng minh duogc viét lai thanh
T x+ + + 2 1
Tlx+y y+z z+x]|_ 27 > 15
8\ =z X y 8 8
Theo bt dang thirc Cauchy ta chimg minh dugc

3z+3x—5y.c_3x+3y—5z
T 8

X+y+y+z+z+x>6

zZ X y

Do d6 ta duoc Z(x+y+y+z+z+xj_ﬁzﬁ_§:§

8 8 8 8 8
Vay bt dang thirc dugc chimg minh. Dang thic xdy rakhivachikhia=b =c.

z X y

Vi du 6.8: Cho a, b, ¢ 1a cac s6 thuc duong. Chimg minh rang:
a+b b+c c+a 16
+ + >
a+b+c b+c+4a a+c+16b 15

Loi giai
x=a+b+c 3a=y—x
bat <y=b+c+4a = {16b=2z-x
z=c+a+16b 15¢ =21x - by —z

Khi d6 bét dang thirc can chirng minh duoc viét lai thanh




—6x + 5y +z +20X_5y +16X—Z ZE
15x 15y 15z 15
y  3x v/ 16x _ 16 4 28
+—+ =—

3x 4y 16x 15z 15 5 15
Ap dung bat dang thire Cauchy ta c6

Hay

v Ax 4z 16x 8

e T >
3x 3y 3 15x 16z 15

Do d6 ta dugc ath + btc + cra 2E.Déngtht’lcxéyrakhivéchikhi
a+b+c b+c+4a a+c+16b 15
y  4x 5C
_—— a = —
3x 3y o 7
2 _16x ) 3¢
15x 15z 7

Bai toan dugc chirng minh xong.

Vidu 6.9: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:

(a3+b3+c3) iJriJri >3fath brc c+a
a’ b 20 ¢ a b

Phén tich: Quan sat bat dang thirc ta chua thay c6 dau hiéu dat bién phu, do d6 ta can phai bién doi bat
dang thurc trude. O day ta chon bién ddi ve trai trude

3 3 3, .3 3 3
(33+b3+03)(%+i+ij=3+a +b +b +c +C +a

a b c? a’ b?

Quan sat biéu thtc sau khi bién ddi ta thiy cin phai danh gia

a’+b* | (a+b
3 \%Y~

3
j , di€u nay co
¢

C

A 3 . , ) 5
nghia 13 ta can chting minh dugc a’ +b® > k(a + b) , chu y dén dau dang thic xay ra ta tim dugc

1 : 53 1 3 .
k = 1 Nhu véy ta di chimg minh a® + b® > 1 (a + b) , day la mot danh gia dang va c6 thé chung

minh bang cach sir dung bat dang thirc Cauchy.
. . a+b b+c c+a (e 3 )
bén day ta co the dat x = ;Y = ;7= 0 va bat dang thrc can chiing minh
c a

x’+y’ +72° S 3(X+Y+Z)

dugc viét lai thanh 3+ . Cha y luc nay dang thic xdy ra tai

X =y = z = 2 va ta sir dung bét dang thirc Cauchy dé chirmg minh bai toan trén.
o ) Loi giai
Bat dang thuc dugc viét lai la
a’+b® b’+c® +a’ _3[a+b b+c c+a
3+ T+ —+ 27 + +
¢ a b 2

Ap dung bat dang thirc Cauchy ta duogc

4(a3 +b3) =a’+b’ + ?)(a,3 +b3) =a’+b’ +3(a+b)(a2 +b’ —ab)

Zangb?’+3ab(a+b)=(a+b)3

C a b

a’+b’® (a+b)3

c? 4c?

Suy ra




Ap dung tuong ty ta c6 bat dang thic

ad + b b3+c3+c3+33>(a+b)3 (b+c)3 (c+a)3

3 3 3 - 3 + 3 + 3
. c a b 4c 4a 4b
Ta can chung minh
3 3 3
(a+b) (b+C) (c+a) 3(a+b b+c c+a
3+ + ——+ > — + +
4c’ 4a’ 4b° 2\ ¢ a b
+b b+ + P
DefltX:BL ;Y = C; Z:C a,bétdéngthﬁctréthanh
¢ a b
3ivies dlx+y+z
3+X +y +z > ( y )
4 2
Hay 12+X3+y3+Z326(X+y+Z)

Ap dung bét dang thirc Cauchy ta duoc
X' +8+8212x; y* +8+82>12y; z° +8+8 > 12z

Suy ra
x3+y3+z3+48212(x+y+z):6(x+y+z)+6(x+y+z)
26(X+y+z)+36
Hay 12+X3+y3+2326(x+y+z)

Vay bét dang thirc dugc ching minh. Dang thic xdy rakhi vachikhia =b = c.

Vi du 6.10: Cho a, b, ¢ la cac sd thuc duong tity y. Chimg minh rang:

a b c ’ 3(a+b b+c c+a
——+—=| >= + +
b ¢ a 2 C a b

Phin tich: Ciing twong ty nhu vi du trén ta can bién d6i bat dang thirc trude khi dua ra cach do6i bién.
Trong vi du nay ta chon cac bién d6i ve phai

a+b b4+4c c+a a b b ¢ ¢ a
+ + =—t—t—t—+—+—
¢ a b c ¢ a a b
, \ F— £ , . £ A, 1sA . . a b c Y A A3
Luc nay d€ y ta thay cd hai v€ xuat hi€n cac dai luong E; —; —, lai d¢ ¥y ta nhan thay rang
c a
a ab b bc c ca . a b c
—=—.—;—=—.—; —=—.—.Dodotacothedat x = —; y = —; z=—, khidotadugc xyz =1
¢c beca cab ab b c a
va bat dang thtc can chiing minh dugc viét lai thanh
2 3(Xy+yz+zx+x+y+z)
(X+y+z) =
2
Dén day ta c6 loi giai sau
Loi giai
a b c
batx =—; y=—; z=—suyraxyz =1.
b ¢ a

Bat ding thirc can chimg minh dugc viét lai thanh
3(Xy+yz+zx+x+y+z)
2

Ap dung bét dang thirc Cauchy ta duoc x +y +2z > 3{/xyz = 3

(X+y+z)2 =




2
Nén (X+y+z) 23(X+y+z)
Ta cling co (X+y+z)2 2 3(Xy+yz+zx)
Do do6 ta dugc 2(X+y+Z)2Z3(Xy+yZ+ZX)+3(X+y+Z)

S(Xy+yz+zx+x+y+z)

2
Vay bét dang thirc dugc ching minh. Ding thic xdy rakhi vachikhia =b = c.

Hay (X+y+z)2 =

Vi du 6.11: Cho a, b, ¢ 1a cac s6 thuc duong théa man ¢ = 8ab . Chimg minh rang:
1 c c 1

+ + <
4a+2b+3 4bc+3c+2 2ac+3c+4 2

Phén tich: Quan sat bat dang thic ta nhan thay sy khac biét cua gia thiét ciing nhu bat dang thirc can
ching minh so véi cac vi dy ¢ trén. Tu bat dang thirec can chiing minh ta thay vai tro cua a, b nhu nhau.
Do d6 ta du doan dau dang thirc xay ra tai a = b. Mat khac ta thay tir ctia biéu thirc thir hai va thir ba ¢

bién ¢, do d6 néu ta viét lai hai biéu thirc d6 nhu bi€u thirc thir nhat thi dudi mau xuat hién dai luong —,
C

s . 2 2 . 1 N e Y - K N 1 A
do d6 rat tu nhién ta nghi dang thirc xay ratai a = b = —, khi nay ta viét lai gia thiét 1a 8ab— =1. Pén
¢ ¢

, 2 i
day ta thay dugc cach dat 1a x = 2a; y = 2b; z = — va bat dang thic dugc viét lai thanh
c

1 1 1
- +
2x+y+3 2y+z+3 2z+x+3
Tuy nhién tir hinh thirc ctia bat déng thirc ta thdy twong tu bat dang thirc quen thudce
1 1 1
2 2 + 2 2 + 2 2
2x"+y +3 2y 4z +3 2277 +x +3

1
2

<1
2

2 .. ) .
Do d6 ta cho cach dit x* = 2a; y° = 2b; z° = = dé dua bai toan vé dang quen thudc.
c

Loi giai

2 .
Pit x* = 2a; y° =2b; z* = = . Khi d6 tir gia thiét ta dwoc xyz = 1.

¢
Bat ding thirc can chimg minh dugc viét lai thanh
1 1 1 1
P=— 2 to o o 2 =3
2x"+y +3 2y 4z +3 2z +x +3 2

Ap dung bat dang thirc Cauchy ta c6
2XP +y +3 =X +y +xX +1+2 ZQ(Xy+X+1)

Do d6 ta duoc

1 1 1
P < + +
2(Xy+X+1) 2(yz+y+1) 2(ZX+Z+1)
, . 1 1 1 .,
Ta chiing minh + + =1 theo cac cach sau
xy+x+1 yz+y+1 zx+z+1
Céchl:DoXyz:1,nént6ntaice’1cséduongx,y,zdéX=E;y=£;z=£
n p m

Khi do6 ta c6




1 1 1 1 1 1
+ +

- + +
xy+x+1 yz+y+1 zx+z+1 m m ., n_n ., p m 4
P n m p n m
— np + pm + mh :1

_mn+np+pm mn+np+pm mn+np+pm
Cach 2: Do xyz =1, nén ta dugc
1 1 1 1
+ + = Xz + + Y
xy+x+1 yz+y+1 zx+z+1 xy+x+xyz yz+y+1 xyz+yz+y
1
= Yz + + Y =1
yvz+y+1 yz+y+1 yz+y+1

1 C
Suyra P < 3 Vay bat dang thirc duoc chirng minh xong.

, . 1
Pang thirc xay rakhi vachikhi X =y =z =1haya:b:§; c=2.

Vi du 6.13: Cho a, b, ¢ la cac s thuc duong théa man ab + bc + ca = 2abc. Ching minh rang:

1 N 1 N 1 >

a (2& - 1)2 b (2b - 1)2 ¢ (20 - 1)2

N | =

~ . . ) 3 ) "
Phén tich: Dé dang dy doan dugc dang thirc xay ratai a =b =c = 5 . Gia thiét cua bai toan duogc viét

1 1 1 . . L oxe 1 1 1
lai thanh — 4+ — + — = 2, khi d6 dé don gian hoa gia thiét ta c6 thé doi bién x = —; y = —; z = —, khi
a b ¢ a b c
nay gia thiet moi 1a x+y+z=2 vdéi 0<x,y,z2<2. Clng tr cach dat trén ta suy ra dugc
1 1 1 \ A < ’ A ’ . 1
a =—; b =—; c =—, thay vao bat dang thirc can chirmg minh thi duoc
X y z

3 3 3
X y z

Lo (2-y) (22

Dén day ta c6 thé chung minh bat ding thic bang cach thém bdt hodc st dung bit ding thirc
Bunhiacopxki dang phan thirc.

1
>
2

Loi giai
NP 1 1 1
Tur gia thiét ab + bc + ca = 2abc suyra —+ —+— = 2.
a b c
5 1 1 r ... .
batx=—; y=—; z=—,khidotaco x+y+z=2.
a b c
3 3 3
C . 1
Bat dang thurc dugc viét lai la x ;T Y 5T z > = E
(2-x) (2-v) (2-7)
x° y? 7’ 1
Hay - + 25

(v+2) (z+x) (x+¥)

Ap dung bt dang thirc Cauchy ta duoc




-+ + S
(X i y) 8 8 4
Cong theo vé cac bat dang thirc trén ta dugc

<3 - v L 73 2+X+;+223<x—;1+z)
(y+z) (z+x) <X+y>
3 3 3

Hay X + y N Z ZX+y+Z=1

(veo) (e+x) (x+y) + 2

Viy bat ding thirc duoc chimg minh. Dang thirc x4y ra khi va chikhi a =b = ¢ =

DO | W

Nhdn xét: Ngodi cdach sir dung bat ding thire Cauchy thi ta ciing cé thé dp dung bdt ding thire
Bunhiacopxki dang phan thirc

Vi du 6.14: Cho a, b, ¢ 1a cac s thuc duong théa man ab + be + ca = 3abc.

2 2 2
. b
Chtrng minh rang: 2a S >+ 2(: > 2
ca” +2c” ab +2a° bc +2b
Loi giai
Y 1 1 1
Tur gia thiét ab + bc + ca = 3abc ta dugc —+ —+—=3.
a b ¢
5 1 1 1 e
bat x =—; y=—; z=—.Khidoétadugc x+y+z = 3.
a b c

2

2
2 y 2+ - 221
Xx+2y° y+2z2 z+2x

Bét ding thirc can chimg minh tré thanh

Ap dung bat dang thirc Cauchy ta duoc
2 2 2 2 2 2 3
+2 -2 2 2 2
X 2:X Xy 2Xy o XQy > x- Xy _ L _AXY
X + 2y X + 2y x+y +y 2%/ xy* 3

Ap dung tuong tu ta duge
2 2(..2 2 2 2/ 2 2
y 2y_2 vz o zZ > o 24z°x
y +27° 3 7 +2x° 3
Cong theo vé cac bat dang thirc trén ta dugc
2 2 2

X y Z 2(3 2.2 | 3l 22 %/2 2)
+ + 2IX+ty+z)——|{YXy +iyz +Vz'x
x+2y° y+27 z+2x° ( ) 3\/ \/

Mat khac theo bat dang thirc Cauchy ta lai c6

%y < xy +xy +1 _ 2xy +1

3 3
3y222 Syz+yz+1:2yz+1
3 3

A zx+zx+1 2zx+1
V3z2x23 =

3 3




Suy ra Q/XQ}'2 +%/y2z2 iz < Q(XY+yZ+ZX) +1< 2(X+Y+Z)2 +1=3

3 B 9
2 2 2
2.3
Do d6 ta duoc x -+ Y -+ z 223——=1.
X+2y y+227 z+2x 3
Viy bt ding thirc duoc chimg minh. Ping thirc xdy rakhi vichikhia=b =c =1.

. 1 1 1 .
Vidu 6.15: Cho a, b, c, d 1a cac so thuc duong théa man — + —= + —= = 2. Chlirng minh rang:
Ja Vb Ve

1 1 1
+ +
\/a+3b \/b+3(: \/c+3a

<1

Phin tich: Trudc hét ta don gian hoa gia thiét bang cach dit x = \/; Yy = \/g ;7= \/; , khi nay gia

. . 1 1 Lo .
thiét duoc viét lai thanh — + — + — = 2 va bat dang thirc can chirng minh tr¢ thanh
X y z
1 1 1
+ <1

\/X2 +3y° ’ \/y2 +37° \/z2 +3y°

. .1 1 1 . L .
Chu y dén gia thiet — 4+ — 4+ — = 2 ta viet lai bat dang thirc can chirmg minh la
X y z

1 1 1 1[1 1 1}
+ + <S—|=+—+-=
\/X2+3y2 \/y2 +37° \/Z2+3y2 2\x 'y z

Pé y theo bt dang thirc Cauchy tacod x* + 3y =x" +y +y +y = 4\4/){2}76 , nhu vay ta dugc

11 _1f 1 1 <1(1+1+zj_1(1+§j
\/X2+3y2_2\/4/xzy6_4 i<y’ 3/? 8lx v ¥y 8{x ¥y

Dén day ap dung tuong tu ta dugc

Loi gidi
o=y = 5= o Khids wange L4 L1
bit x =+a; y =+vb; z=+c.Khido tadugc —+—+—=2
X y z
Bét dang thire can ching minh tro thanh
1 1 1
+ <1

+
\/X2 + 3y? \/y2 +37° \/22 + 3y?
Ap dung bt dang thirc Cauchy ta dugc
X +3y’ =xP+y +yt Y > 4Yxy°
Ap dung mét bt dang thirc Cauchy khac ta duge
1 1 1

1 1 1
\/X2+3QS\/ 26: 2.2 4323/224_44
Yo 22Xy 2\/\/4Xy-%/y7 Xy Ay

, 1 1(1 3} 1 1(1 3j
Tuongtytac6 —————<—|—+—|; ————===<—|—+—
2 8lz x

Jy'+322 8\y 2

Cong theo vé cac bat dang thirc trén ta c6




1 1 1 11 1 1
+ + S—|—=+—+—|=1
\/><:2+3y2 \/y?+322 \/ZQ+3y2 2\x vy 2z
2
2 7 2 2 7 2 4
Nhdn xét: Ta co thé su dung bat dang thirc Bunhiacopxki dé chung minh bat dang thirc

1 1 (1 3J
_ < | —4—
'+ 3y 8 T ¥
Ap dung bat ding thirc Bunhiacopxki ta dwege
2
4(3@2+3y2):(1+1+1+1)(:U2+y2+y2+y2)2(x+3y)

Do do ta duoc

Viy bat ding thirc duoc chimg minh. Pang thirc x4y ra khi va chikhi a =b = ¢ =

1 2 .2 2 <1(1+3J
\/$2+3y2 \/2(x2+3y2)_\/(x+3y)2 z+3y 8lz y

Vidu 6.17: Cho a, b, ¢ 1a cac s thuc duong. Chimg minh ring:

b e, e

+ + <
c+2\/£ a+2\/a b +2vca

. Vab 1 a b C
Phén tich: Bé y la = ,do d6 tadat x = b = 17 = )
c+2vVab C +9 vbe \ca \ab

ab

Loi giai
Veé trai bat dang thuc can chirng minh dugc viet lai thanh

Jab Jbe Jea 1 1

+ + = + +
c+2ab  a+2Vbc b+2Vca € 49 b +9 @& o

N A

—

a b c
bat x = ;b= VA ,suyra xyz = 1.
vbe \ca vab
o NPT 1 1 1
Biéu thirc P duoc viét lai thanh + + <1

X+2 y+2 z+2

That vay, bat dang thic can ching minh twong dwong véi
(x+2)(y+2)+(y+2)(z+2)+(z+2)(x+2) < <X+2)(y+2)(z+2)

Trién khai va thu gon ta dugc Xy + yz +xz > 3
Panh gia cudi cung ding theo bét déng thirc Cauchy va xyz = 1.
Do d6 bat dang thue trén duge chimg minh. Pang thirc xay ra khi vachikhi a =b = c.
Nhgin xét: T a co thé chd’n,g minh bai toan trén theo cach khac nhw sau
Bieu thire ve trai dwoc viét lai la

1 2Jab_ 2dbe | 2ea :1[3_ c . a_ b ]
2 c+odab a+2¥be b+2Jea | 2 c+2Jab  a+2dbe b+2Jea

Dat M = ¢ + a + b
' c+2\/£ a+2\/ﬁ b+2\/£

Ap dung bat ding thirc Cauchy ta cé
2Vab < a + b; 2\/ESb+c; 2Vca <c+a




Do do ta co

M= c N a N b S c_ ., _a b 1
c+2\/£ a+2\/% b+2\/a_a+b+c a+b+c a+b+ec
Sy ra Jab Jbe Jea

+ +
c+2\/£ a+2\/% b+ 2Vca

Do dé bat dang thirc trén dwoc chirng minh. Ddng thirc xdy ra khi va chikhi a = b = c.

Vi du 6.18: Cho a, b, ¢ 1a cac sd thuc duong khong 4m théa min a + b + ¢ = 3. Chtng minh rang:

ava +b\/E+C\/_—\/abc < 3\/5
Loi giai

Détx=\/;; y=\/g; Z:\/;.Tﬁgiéthiéttaduoc X +y +72° =3.

Khi nay bét ding thuc tré thanh P = x* +y* +2° —xyz < 3\/5
Khong mat tinh tong quat ta gia st x >y > z. Khi d6 ta co

72 <xy; X’ +y' =3-2"<3

Do do ta co6 )(3+y3+z<22—Xy)£X3+y3
Mit khac theo bat dang thirc Cauchy ta c6
3
X3+Z32: X+y2 X' —xy+y° ) (x> —xy+y*) < m <27
3

Suyra x* +y° < 3\/5 nén ta dugc P < 3\/3 . Déng thire xay ra khi va chi khi
X = \/g; y =z =0vaciachoanvi < a =3; b =c =0 va cic hoan vi
Bét ding thirc duge chimg minh.
Dbang thurc xay ra khi va chi khi a = 3; b = ¢ = 0 va cac hoan vi.
Nhén xét: Qua cdc vi du trén ta nhéan thdy, doi bién cé mét vai tro to Ién trong chitng minh bat ding
thiee, doi bién co thé lam mot bat dang thuce tro nén don gian, doi bién co thé dwa mot bat dang thirc hoan

vi vé bat dang thirc doi xung. Chung ta cung tham khao thém mot $6 Vi dy khdc sau ddy dé thdy dwoc su
doc dao cua ky thudt doi bién

Vi du 6.19: Cho a, b, ¢ 1a cac s thuc duong tiy y. Ching minh rang:

# 2 +# b +# € 59
b+c c+a a+b

Loi giai
Pita =x"; b=y’ c=2",dod6 x, y, z > 0. Khi d6 bat dang thirc can chimg minh trg thanh

3 3 3
X zZ
Al s 3+i/3y3+33 7 > 2
y +z z°+X X +y

3 2
A . £, 32 , X X

Trudce hét ta chung minh bét dang thue sau 3/ ——— > | | ———
Vv +7z vy +z

That vay, bat dang thirc trén twong dwong voi

3 2 9 3
X X 3 ‘ 2
[ 3 3] >[ 5 2j <:>(y2+22) >(y3+Z3) <:>3y2z2(y2+z2)>2y?’z3
y +2z y +2z
Danh gia cudi cung dung theo bat dang thirc Cauchy.
Ap dung tuong tu ta dugc




X3 y3 Z3 X2 y? Z2
L 3 3+3 3 3+3 3 3 > 2 2+ 2 2+ 2 2
vy +z z°+X X" +y vy +z z-+X X +y

2 2 2
s ) X z
Ta can ching minh + \/ Y + > 2
2 2 2 2 2 2
vy +z z°+X X +y

Ap dung bét dang thirc Cauchy ta duoc

X2 y? Z2 2 Z2
2 2+ 2 2+ 2 2 = 9 9 9
y tz z +X X +y \/ y+z \/y 7’ +x° \/z (X +y)
2

> =+ =
X +y 47 x +y' +7 X +y 47

Vay bt ding thirc ban dau dwoc chimg minh.

Vi du 6.20: Cho a, b, ¢ la cac s thuc duong thoa man abc = 1. Chirg minh rang:

o

Loi giai

s X / . N A
Do abc =1 néntacoéthé dita =—; b :Z; ¢ =— Vv6ix,y,zIla cac sb thuc duong.
y Z X

Bét ding thire can chimg minh duogc viét lai la

[E_HEJ[LHEJ[E_HXJQ
y v )\ z z )\ x X

Hay XyzZ(X+y—z)(y+z—x)(z+x—y>
Do x, y, z ¢6 vai tro nhu nhau, khong mat tinh tong quattagiast x >y >z > 0
Nhuvdy x +y—z > 0; x +z—y > 0. Nhu vy ta xét cac truong hop
-Néu y +z —x < 0 thi bat dang thirc trén hién nhién dung.
-Néu y +z—x > 0, 4p dung bat dang thirc Cauchy cho hai s6 duong ta co

Sy e a)(v-rax) < [-rex)(r-x+y) <3 - x+¥)(x-y +2) <7

Nhan theo vé cic bit déng thic trén ta dugc didu phai chimg minh.

Vidu 6.21: Cho a, b, ¢ 1a cac s thuc duong thoa man abc = a + b + ¢ + 2. Chimg minh rang;

ﬁ+£+%s%@

Loi gidi
Bién d6i gia thiét abc = a + b + ¢ +2 ta dugc

(a+1)<b+1)(c+1)=(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)

1 1 1
= + + =1
a+l b+l c+a
1
bat x = Jy = ;7= suyrax+y+z=1
' a+1 Y b+1 c+a Y Y

1- + — + 1- +

Tutrén suyra a = *_J Z;b:—y:Z X;C: Z_X7Yy
X X y y z zZ

Va bét dang thirc dugc viét lai thanh

Jy+z+\/z+x+Jx+y<3J(x+y)(y+z)(z+x)

X y 2 XyZ

z 2




Hay X Y o |yz oz X 3
v+7z Zz+X Z+X X+Yy xX+y y+z 2

Ap dung bat dang thirc Cauchy ta duogc

Cong theo vé ba bat dang thirc trén ta thu dugc didu phai chimg minh

Vi du 6.22: Cho a, b, ¢ 1a cac s6 thuc dwong thoa man ab + bec + ca + 2abc = 1. Chirng minh rang;

1 1 1
—+—+—24@+b+ﬂ
a b ¢
Loi giai
N 1 1 1 1
Tu gia thiet suyra —+ —+—+2 = —
a b ¢ abc
bat a = x ;b= Y ;¢ = ,VOiX, v,z > 0; x+y+z=1.
y+z zZ+X X+y
Khi d6 bat déng thirc can chimg minh trg thanh
+ + +
YITZ ETX X0 sy 2 4 Y 2
X y z y+z z+x XxX+Yy

Ap dung bt dang thirc Cauchy ta duoc
X X, & vy, oz 2, W
y 2z y+z2 X 7Z Z+X X Yy X+Yy
Cong theo vé ba bit dang thirc trén ta duoc
y+z+z+x+x+y24£ X y z j

+ +
X y v/ y+z z+X X+Yy

Bét ding thirc duge chimg minh. Pang thirc xdy ra khi vachikhia=b =c =

N | —

Vi du 6.23: Cho a, b, ¢, d 1a cac s6 thuc duong. Chimg minh rang:

I Vo e
+ + + > 2
b+c+d c+d+a d+a+b a+b+c

Loi giai
Khong mat tinh tong quat ta c6 thé chon a+b+c+d =1
Khi d6 bat dang thic can chitng minh tuong duong véi

i
+ + + > 2
l1-a 1-b 1-c 1-c

Ap dung bét dang thirc Cauchy cho hai s6 duong ta co

E_«faﬁ o

) ;(1—a+a)

Hoan toan tuong tu ta c6 JL > 2b; «f © > 2¢; JL >2d
1-b 1-c 1-d




Cong vé theo vé bdn bat dang thuc ta duoc:

J 2 +J b +JC +J d >2
1-a 1-b 1-c 1-c

. (e . b d
O day dau dang thuc khong xay ra nén \/ a + \/ + \/ ¢ + \/ > 2
1-a 1-b 1-c 1-c

Bét dang thirc duge ching minh hoan toan.

Khi dua 101 giai trén cho bai toan trén, chic hin ban doc s& thic méc 1 tai sao lai c6 thé chon duoc
a+b+c+d=1 vanéuchon a+b+c+d=5k bat ki thi bai toan co giai duoc khong? Va ngoai
cach chon diéu kién nhu trén c6 thé chon theo cach khac (chflng han nhu abed = 1) dugc khéng? Céu tra
161 13 hoan toan duoc, thuc chit viéc chon nay bat nguén tlr viée ddi bién. Sau day la cach ddi bién dan
dén két qua a+b+c+d=1.Tathyc hién bién doi mot hang t bén vé trai nhu sau:

a a

/ a _ |latb+c+d _ a+b+c+d
b+c+d b+c+d b N C N d
a+b+c+d at+b+c+d a+b+c+d a+b+c+d
Téi day ta d6i bién nhu sau:
a b ¢ d
X = Yy = V2= ;U=
a+b+c+d a+b+c+d a+b+c+d a+b+c+d

Thay vao biéu thirc trén ta duoc: \/ a = x vax+y+z+t=1
b+c+d y+z+t

Ap dung cho vé trai ctia bt ding thirc can chimg minh ta dugc

X \/ vy v/ t
+ + + > 2
y+z+t Zz+t+x t+x+y X+y+z

Vax+y+z+t=1

Nhu vay sau phép ddi bién ta c6 mot bat dang thirc méi co hinh thirc hoan toan gidng nhu bat

dang thirc can chimg minh va dugc bo sung thém diéu kién gia thiét cho cac biénla x +y +z+t =1.

Vi du 6.24: Cho a, b , ¢ 1a cac s6 thyc duong tily y Chimg minh rang
(a +b+ c)(ab + bec + ca) < %(a + b)(b+c)(c+ a)

Loi giai
Day la mot bat dang thirc don gian dugc chimg minh bang phép bién ddi trong dwong két hop véi
bét dang thirc Cauchy. Ta thir chimg minh bang phuong phap ddi bién xem sao
Bét dang thirc tuong duong véi

8(a+b+c)(ab+bc+ca) 39(a+b)(b+c)(c+a)
Chia ca hai vé cho (abc)3 ta duoc
8(a+b+c)(ab+bc+ca) Py 9(a+b)(b+c)(c+a)

abc abc
ab bc ca

b
+ +

3 a
~ (%/abc+%/abc \/&ij \/abc %/(abc)2 %/(abc)2
Sg[a+b][b+c][a+c]
%/abc %/abc %/abc g/abc %/abc g/abc




bat x =

b C
T Y= 3 7=+ =>xyz=1
abe %/abc %/abc

Thay véao bat ding thirc trén ta dugc

8<X+y+z)(xy+yz+zx) < 9(x+y)(y+z)(z+x)

Nhu vy sau phép doi bién ta c6 mot bét ding thirc méi c6 hinh thirc hoan toan giong nhu bat dang
thirc can chung minh va dugc bd sung thém diéu ki¢n cho bién la xyz = 1. Bay gid ta chirng minh bat
dang thic trén voi diéu kién cua bién 1a xyz = 1.That vay:

8(X+y+z)<xy+yz+zx) S9(X+y)(y+z)(z+x)
& 8(3+X2y+y2Z+Z2X+Xy2 +yz’ +ZX2) < 9(2-i-}><2y-i-sz+z2X-i-Xy2 +yz’° +ZX2)

X X Z z
S6<XYy+YZH+TX+AXY +yZ +2x° & 6 <X XYy, zLz
y zZ X Z X ¥y
D@ thiy rang theo bét dang thirc Cauchy thi bat dang thic cudi ciing ludn dung.
Vay bat dang thurc dugc chirng minh hoan toan.

Vidu 6.25: Cho a, b, ¢ 1a cac s6 thuc duong tiy y. Ching minh rang:

a(b+c) .\ b(c+a) .\ c(a+b)

<b+c)2+a2 (c+a)2+b2 (8u+b)2+c2

<5
)

Loi giai
Khong mat tinh tong quat ta ¢6 thé chon a + b +c¢c =1

a(l—a) . b(l—b) . c(l—c)

o 1-2a+2a” 1-2b+2b° 1-2c+2¢
Theo bat dang thuc Cauchy ta co

Qa(l_a)g(hﬂ—aT _ (a+1)

<0
)

2 4
2
Suy ra 1—2a+2a2:1—2a(1—a)21—(a+1) =(1_a)<a+3)>0
4 4
Do d6 ta duoc a(l—a)QS 4a(1—a) = 4. a :4[1_ 3 j
1-2a+2a (1—a)(a+3) a+3 a+3

Hoan toan tuong tu ta duoc

a(l—a) .\ b(l—b) .\ c(l—c) <4(1_ij+(1_ 3 )+[1— 3 j
1-2a+2a° 1-2b+2b* 1-2c+2¢* a+3 b

3 c+3

<4339

a+b+c+9

Vay bai toan duoc chimg minh xong. D4u dang thirc xay ra khi vachikhia =b =c
Vi du 6.26: Cho céc sé duong a, b, ¢ théa man abc = 1. Chirng minh rang:

+
<0
5

1 1 1 3
2 t3 T =5
a (b+c) b(c+a) c(a+b) 2
Loi giai
5 1 1 r ...,
bat x = —; y = —; z = — khi d6 ta thu dugc xyz =1.
a b c



, 1 X’ x*yz X
Ta co ; =1 1: =
a(b+c) 1.1 y+z Yy+z

y Z
Bét dang thire can chig minh dugc viét lai thanh

X+y+Z2§<:> L R A Z+122
y+z z+x xX+y 2 y+z Z+X X+y 2

<:>(x+y+z)( L + L + L ]2%

y+z z+xX X+Yy

banh gia guéi cung dung theo bat dang thirc Cauchy
Véy bat dang thirc dugc chirng minh. Pang thic xdy rakhivachikhia=b=c=1

Vi du 6.27: Cho a, b, ¢ 1a 6 dai ba canh cia mot tam gidc. Chirng minh rang:

(2a+2b—c)3 (2b+2c—a)3 (2c+2a—b)32§<2+b2+c2)

a+b+4c b+c+4a c+a+4b

Loi giai
bit x =2a+2b—-c; y=2b+2c—a;z=2c+2a—-b
Via, b, ¢ 12 46 dai ba canh clia mot tam gidc nén x;y;z 1a cac s6 duong.

Bét dang thire can ching minh dugc viét lai thanh

3 3 3 2 2 2
X X X +y +2z
Y >* Ty
y+z z+xX XxX+Yy 2
Ap dung bit dang thic Cauchy ta c6
<3 x(y+z) ). y3 y(z+x) ). 73 z(x+y) )
+ 2 X + 2y + 27
y+z 4 y+z 4 X+y 4
Cong theo vé cac bat dang thirc trén ta dugc
3 3 3
X X Xy + yz + zx
TR + YTy >xX +y +7°
v+z z+X X4y 2
x° y ’ Xy + yz + zx
= + + >x+y 47—
y+z z+X X+Yy 2
Ap dung bét ding thirc x* +y” + 2> > xy + yz + zx ta duoc
3 3 3 2 2 2
X X X+ +Z
+2 >2 T
y+z z+XxX XxX+Yy 2

Vay bét ddng thirc dwgc ching minh. Dang thirc x4y ra khi va chikhi a =b = c.




